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H{shulphqwdwlrq lq Pdunhwv
Glun Ehujhpdqq_

Mxxvr Yçolpçnlh

Iluvw Yhuvlrq= Dsulo 4<<9
Uhylvhg Yhuvlrq= Pdufk 4<<<

Devwudfw
Zh suhvhqw d prgho ri hqwu| dqg h{lw zlwk Ed|hvldq ohduqlqj dqg
sulfh frpshwlwlrq1 D qhz surgxfw ri lqlwldoo| xqnqrzq txdolw| lv lqwur0
gxfhg lq wkh pdunhw/ dqg sxufkdvhv ri wkh surgxfw |lhog lqirupdwlrq rq
lwv wuxh txdolw|1 Zh dvvxph wkdw wkh shuirupdqfh ri wkh qhz surgxfw
lv sxeolfo| revhuydeoh1 Dv djhqwv ohduq iurp wkh h{shulphqwv ri rwkhuv/
lqirupdwlrqdo h{whuqdolwlhv dulvh1
Zh ghwhuplqh wkh Pdunry Shuihfw Htxloleulxp sulfhv dqg doorfd0
wlrqv1 Lq d vlqjoh pdunhw/ wkh frpelqdwlrq ri wkh lqirupdwlrqdo h{0
whuqdolwlhv dprqj wkh ex|huv dqg wkh vwudwhjlf sulflqj e| wkh vhoohuv
uhvxowv lq h{fhvvlyh h{shulphqwdwlrq1 Li wkh qhz surgxfw lv odxqfkhg
lq pdq| glvwlqfw pdunhwv/ wkh sdwk ri vdohv frqyhujhv wr wkh h!flhqw
sdwk lq wkh olplw dv wkh qxpehu ri pdunhwv jurzv1
MHO Fodvvlilfdwlrq= F:5/ F:6/ G76/ G;6/ O46/ O481
Nh|zrugv= Ohduqlqj/ H{shulphqwdwlrq/ Lqirupdwlrqdo H{whuqdolwlhv/
G|qdplf Roljrsro|/ Pdunry Shuihfw Htxloleulxp1

W Wkh dxwkruv h{suhvv wkhlu judwlwxgh wr Guhz Ixghqehuj/ Ehqjw Kropvwuùp/ Do
Nohyrulfn/ Jhrujh Pdlodwk/ Hulf Pdvnlq/ Jhruj Qùoghnh/ Dqg| Srvwohzdlwh/ Plnh Ulrugdq/
Oduu| Vdpxhovrq/ Nduo Vfkodj dqg Dyqhu Vkdnhg iru pdq| khosixo glvfxvvlrqv1 Ghwdlohg
frpphqwv e| wzr dqrq|prxv uhihuhhhv dqg wkh hglwru/ Sdwulfn Erowrq/ juhdwo| lpsuryhg
wkh sdshu1 Zh ehqhwhg iurp vhplqdu sduwlflsdqwv dw Erqq/ Kduydug/ Pdqqkhlp/ PLW/
Qruwkzhvwhuq dqg Sdulv1 Wkh uvw dxwkru zrxog olnh wr wkdqn Dyqhu Vkdnhg iru klv krvsl0
wdolw| gxulqj d vwd| dw wkh VIE 636 dw Erqq Xqlyhuvlw|1 Wkh dxwkruv dfnqrzohgjh vxssruw
iurp QVI Judqw VEU <:3<;;: dqg <:3<673 uhvshfwlyho|1
_ Ghsduwphqw ri Hfrqrplfv/ \doh Xqlyhuvlw|/ Qhz Kdyhq/ FW 398530;59;/ X1V1D1/
glun1ehujhpdqqC|doh1hgx
h Ghsduwphqw ri Hfrqrplfv/ Qruwkzhvwhuq Xqlyhuvlw|/ Hydqvwrq/ LO 9353;0533</ X1V1D1/
ydolpdnlCqzx1hgx

4

4

Lqwurgxfwlrq

Lq pxowl0djhqw ohduqlqj vlwxdwlrqv/ lqirupdwlrqdo h{whuqdolwlhv pd| uhgxfh
wkh qxpehu ri h{shulphqwv xqghuwdnhq ehorz wkh vrfldoo| h!flhqw ohyho1 Dv
ex|huv fkrrvh dprqj qhz h{shulhqfh jrrgv ru upv ghflgh zkhwkhu wr dgrsw
d qhz whfkqrorj|/ wkh dydlodelolw| ri lqirupdwlrq iurp rwkhuv* ghflvlrqv jlyhv
ulvh wr d iuhh ulghu sureohp1 Udwkhu wkdq shuirup d frvwo| h{shulphqw khuvhoi/
d ex|hu pd| rsw wr zdlw dqg vhh krz wkh pdunhw hydoxdwhv wkh qhz surgxfw1
Lq wklv sdshu/ zh ghyhors d vlpsoh pdunhw prgho ri h{shulphqwdwlrq dqg
dqdo|}h wkh lqirupdwlrqdo hhfwv lq d prgho zlwk ex|huv dqg vhoohuv1 Lq
frqwudvw wr wkh rqh0vlghg h{shulphqwdwlrq sureohpv/ zh qg wkdw htxloleulxp
h{shulphqwdwlrq riwhq h{fhhgv wkh Sduhwr rswlpdo ohyho lq wzr0vlghg prghov1
Wkh uvw prgho zh frqvlghu lv d g|qdplf gxrsro| lq frqwlqxrxv wlph
zlwk krprjhqrxv ex|huv1 Wzr upv zlwk glhuhqwldwhg surgxfwv hqjdjh
lq sulfh frpshwlwlrq ryhu wlph1 Rqh surgxfw kdv d nqrzq ydoxh zkloh wkh
rwkhu lv qhz dqg lwv wuxh ydoxh lv lqlwldoo| xqfhuwdlq wr doo wkh sduwlhv lq wkh
prgho1 Wkh ydoxh ri wkh surgxfw lv ghwhuplqhg e| wkh txdolw| ri wkh pdwfk
ehwzhhq frqvxphu suhihuhqfhv dqg surgxfw fkdudfwhulvwlfv1 Dgglwlrqdo lq0
irupdwlrq lv dftxluhg rqo| wkurxjk uhshdw sxufkdvhv1 Lq hdfk shulrg/ ex|huv
revhuyh d qrlv| vljqdo ri wkh wuxh ydoxh ri wkh surgxfw1 Zh dvvxph wkdw doo
vljqdov duh sxeolfo| revhuydeoh dqg wkdw doo xqfhuwdlqw| lv derxw d frpprq
ydoxh frpsrqhqw1 Zlwk wklv dvvxpswlrq/ doo ex|huv dqg vhoohuv frqglwlrq
wkhlu ehkdylru rq wkh vdph lqirupdwlrq dqg zh fdq devwudfw iurp lqglylg0
xdo glhuhqfhv lq sdvw revhuydwlrqv1 Wklv lv mxvwlhg lq hfrqrplf vlwxdwlrqv
zkhuh sxeolf gdwd rq rwkhu ex|huv* fkrlfhv lv dydlodeoh dqg lqirupdwlyh1 Iru
h{dpsoh/ zkhq fkrrvlqj dprqj surylghuv ri frppxqlfdwlrq ru wudqvsruwd0
wlrq vhuylfhv/ vxfk dv pdlo gholyhu| upv ru dluolqhv/ lw lv uhdvrqdeoh wr uho|
rq frqvxphu uhsruwv dqg rwkhu sxeolvkhg gdwd lq dgglwlrq wr rqh*v sulydwh
h{shulhqfh1 Zh dovr vkrz wkdw rxu prgho kdv dq dowhuqdwlyh lqwhusuhwdwlrq
dv rqh zkhuh d rz ri ex|huv pdnh d rqfh dqg iru doo sxufkdvh ri d gxudeoh
jrrg1 Xqghu wkdw vfhqdulr/ vljqdov iurp hduolhu sxufkdvhv duh wkh rqo| vrxufh
ri lqirupdwlrq iru d jlyhq ex|hu1 Lq erwk lqwhusuhwdwlrqv ri wkh prgho/ wkh
sxeolf revhuydelolw| ri vljqdov jlyhv ulvh wr dq lqirupdwlrqdo h{whuqdolw| lq
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wkh pdunhw1
Zh ghwhuplqh wkh sdwkv ri vdohv dqg sulfhv lq Pdunry Shuihfw Htxlole0
ulxp dqg frpsduh wkhp wr wkh Sduhwr rswlpdo sdwkv14 Lq d prgho zlwkrxw
vhoohuv +ru htxlydohqwo| zlwk {hg sulfhv,/ lqirupdwlrqdo h{whuqdolwlhv dprqj
wkh ex|huv uhvxow lq wrr olwwoh lqyhvwphqw lq lqirupdwlrq dftxlvlwlrq dv lq
Erowrq dqg Kduulv +4<<<,1 Zkhq zh doorz wkh upv wr vhw wkhlu sulfhv rswl0
pdoo|/ d qhz vrxufh ri srwhqwldo lqh!flhqf| lv glvfryhuhg= h{shulphqwdwlrq
ghwhuplqhv wkh ixwxuh frpshwlwlyh srvlwlrqv ri wkh wzr upv1 Wkh qhz up
h{wudfwv ehqhwv iurp vxffhvvixo h{shulphqwv wkurxjk kljkhu ixwxuh sulfhv
zkloh wkh ex|huv ehdu wkh ulvn ri xqvxffhvvixo h{shulphqwv1 Zkhq ex|huv eh0
frph pruh shvvlplvwlf derxw wkh qhz up*v surgxfw/ wkh hvwdeolvkhg up lv
deoh wr fkdujh kljkhu sulfhv rq lwv surgxfw lq htxloleulxp1 Wkh qhz vhoohu kdv
wr frpshqvdwh hdfk ex|hu iru wkh frvwv uhvxowlqj iurp kljkhu ixwxuh sulfhv
fkdujhg e| wkh hvwdeolvkhg vhoohu1 Wkh lqglylgxdo ex|hu idlov/ krzhyhu/ wr
wdnh lqwr dffrxqw wkh hhfw ri khu rzq sxufkdvhv rq doo rwkhu ex|huv1 Wklv
pdnhv vdohv uhodwlyho| lqh{shqvlyh iru wkh qhz up dqg wkh htxloleulxp glv0
sod|v h{fhvvlyh h{shulphqwdwlrq1 D zhoo nqrzq uhvxow rq rswlpdo ohduqlqj
vwdwhv wkdw wkh h{ srvw h!flhqw dowhuqdwlyh lv qrw dozd|v vhohfwhg lq wkh orqj
uxq dorqj wkh h{ dqwh h!flhqw sdwk +h1j1 Urwkvfklog +4<:7,,1 Rxu uhvxowv
wkhuhiruh lpso| wkdw lqwurgxflqj sulfh frpshwlwlrq rq wkh vxsso| vlgh ri wkh
pdunhw pd| dfklhyh h{ srvw rswlpdolw| zlwk d odujhu suredelolw|1
Wkh vhfrqg prgho dqdo|}hv sulfh frpshwlwlrq lq pxowlsoh pdunhwv1 Hdfk
pdunhw kdv d vhsdudwh hvwdeolvkhg surgxfhu/ exw wkh qhz surgxfw lv d frp0
shwlwru lq doo pdunhwv1 Rqh pd| wklqn ri hdfk vlqjoh pdunhw dv d glhuhqw
jhrjudsklf orfdwlrq ru/ dowhuqdwlyho|/ dv wkh fxvwrphu edvh ri d vpdoo up
surgxflqj xqghu d fdsdflw| frqvwudlqw1 Pxowlsoh pdunhwv lqwurgxfh d qhz
h{whuqdolw|1 Vdohv ri wkh qhz surgxfw lq dq| jlyhq pdunhw surylgh lqirupd0
wlrq wr doo ri wkh vpdoo surgxfhuv1 Dv d uhvxow/ wkh| duh pruh djjuhvvlyh lq
wkhlu rzq sulflqj ghflvlrqv dv xqghufxwwlqj wkh qhz up qr orqjhu uhvxowv
lq d frpsohwh vwrs lq wkh rz ri lqirupdwlrq1 Dv wkh qxpehu ri pdunhwv
4

Wkhuh lv d pxowlsolflw| ri htxloleulxp sulfhv1 Wkh vlwxdwlrq lv vlplodu wr wkh vwdwlf
Ehuwudqg prgho zlwk glhuhqwldwhg surgxfwv1 Zh frqfhqwudwh rq htxloleuld lq wuhpeolqj
kdqg shuihfw sulfhv1
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lqfuhdvhv/ wkh htxloleulxp h{shulphqwdwlrq sdwk frqyhujhv wr wkh h!flhqw
sdwk1
Wkh frqwlqxrxv wlph whfkqltxhv zh xvh doorz xv wr ghulyh wkh htxloleuld
lq forvhg irup1 Lq sduwlfxodu/ zh fdq dqdo|}h wkh sulfhv lq d pruh ghwdlohg
pdqqhu wkdq zrxog eh srvvleoh lq d glvfuhwh wlph prgho1 E| h{dplqlqj wkh
sulfh sdwkv/ zh jdlq qhz lqvljkwv lqwr wkh vwuhqjwk ri wkh ulydou| ehwzhhq
wkh upv dw ydulrxv srlqwv lq wkh jdph1
Wkhuh duh d qxpehu ri sdshuv h{dplqlqj ohduqlqj dqg h{shulphqwdwlrq lq
pxowl0djhqw vhwwlqjv1 Wkh prvw uhohydqw sdshuv iru rxu sxusrvhv duh Erowrq
dqg Kduulv +4<<<,/ Ehujhpdqq dqg Yçolpçnl +4<<9, dqg Ihool dqg Kduulv
+4<<9,1 Erowrq dqg Kduulv dqdo|}h d frqwlqxrxv wlph jdph ri vwudwhjlf
h{shulphqwdwlrq dqg rxu phwkrgrorj| iroorzv wkhluv forvho|1 Wkh| irfxv rq
wkh sxuh lqirupdwlrqdo h{whuqdolw| ehwzhhq d vhw ri lghqwlfdo djhqwv dqg vkrz
wkdw doo wkh htxloleuld lqyroyh wrr olwwoh h{shulphqwdwlrq1 Ehujhpdqq dqg
Yçolpçnl suhvhqw d prgho zlwk d vlqjoh ex|hu/ dqg frqvhtxhqwo| wkh lvvxh ri
lqirupdwlrqdo h{whuqdolwlhv ehwzhhq wkh ex|huv grhv qrw dulvh1 Ilqdoo|/ Ihool
dqg Kduulv vwxg| wkh zdjh g|qdplfv lq d frqwlqxrxv wlph ohduqlqj prgho
derxw dq hpsor|hh*v up0vshflf surgxfwlylw|1 Djdlq/ wkh prgho frqvlghuv
rqo| d vlqjoh hpsor|hh dqg khqfh lqirupdwlrqdo h{whuqdolwlhv gr qrw dulvh1
Wkh uvw sdshu wr dgguhvv wkh srwhqwldo iuhh ulghu sureohpv lq wkh suhv0
hqfh ri lqirupdwlrqdo h{whuqdolwlhv lv Khqgulfnv dqg Nryhqrfn +4<;<, dqdo|0
vlv ri rlo h{sorudwlrq jdphv1 Wkh| vkrzhg wkdw h{shulphqwdwlrq fdq eh
lqvx!flhqw ru h{fhvvlyh gxh wr wkh h{whuqdolwlhv1 Ure +4<<4, vwxglhv wkh lq0
irupdwlrqdo lpsdfw ri hqwu| ghflvlrqv lqwr dq lqgxvwu| zlwk xqfhuwdlq suri0
lwdelolw|1 Vxffhvvixo hqwu| dwwudfwv pruh hqwu| zklfk uhgxfhv wkh orqj uxq
surwv ri hduo| vxffhvvixo hqwudqwv1 Dv d uhvxow wkh dprxqw ri hqwu| lq hdfk
shulrg lv lqh!flhqwo| orz1 Fkdpoh| dqg Jdoh +4<<7, suhvhqw wkh iuhh0ulglqj
dvshfw lq d vlplodu wlplqj jdph lq zklfk hdfk djhqw kdv wr pdnh d vlqjoh lq0
yhvwphqw ghflvlrq1 Yhwwdv +4<<;, doorzv iru wzr vlghg ohduqlqj lq d pdunhw ri
qhz surgxfwv1 Wkh upv ohduq derxw wkh pdunhw vl}h zkloh wkh ex|huv pdnh
lqihuhqfhv derxw surgxfw txdolw|1 Ehujhpdqq dqg Yçolpçnl +4<<:, frqvlghu
wkh glxvlrq ri d qhz jrrg lq prgho ri krul}rqwdo glhuhqwldwlrq1 Nhoohu dqg
Udg| +4<<<, frqvlghu h{shulphqwdwlrq lq d fkdqjlqj hqylurqphqw e| d pr0
7

qrsrolvw1 Wkh sxeolf revhuydelolw| ri wkh xwlolw| vljqdov/ ru d vxevhw ri wkrvh
vljqdov/ lv fhqwudo wr vrph uhfhqw prghov ri zrug0ri0prxwk frppxqlfdwlrq
dqg vrfldo ohduqlqj vxfk dv PfIdgghq dqg Wudlq +4<<9, dqg Edqhumhh dqg
Ixghqehuj +4<<:,1
Vhfwlrq 5 lqwurgxfhv wkh hohphqwv ri wkh g|qdplf jdph lq d wzr shulrg
h{dpsoh1 Lwv vwuxfwxuh lv nhsw dv vlpsoh dv srvvleoh wr frqyh| wkh edvlf
dvshfwv ri wkh wzr0vlghg pdunhw hqylurqphqw1 Wkh frqwlqxrxv0wlph prgho lv
lqwurgxfhg lq Vhfwlrq 61 Wkh vlqjoh pdunhw prgho lv dqdo|}hg lq Vhfwlrq 71
Lq Vhfwlrq 8 zh suhvhqw wkh prgho zlwk pdq| pdunhwv1 Vhfwlrq 9 frqfoxghv1
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D Wzr Shulrg H{dpsoh

Wzr vhoohuv surylgh txdolw| glhuhqwldwhg surgxfwv wr d xqlw pdvv ri lghqwlfdo
ex|huv zlwk xqlw ghpdqg lq hdfk shulrg15 Wkh lqfxpehqw vxssolhv d surgxfw
zlwk nqrzq txdolw|/ zkloh wkh txdolw| vxssolhg e| wkh hqwudqw lv lqlwldoo|
xqnqrzq1 Wkh ydoxh ri wkh hvwdeolvkhg surgxfw lv v shu shulrg dqg wkh
qhz surgxfw kdv d ydoxh ri hlwkhu u ru M zlwk u ? v ? M 1 Ohw  eh
wkh frpprq sulru suredelolw| wkdw wkh surgxfw kdv ydoxh M dqg ghqrwh
wkh h{shfwhg txdolw| e|  +, / M . +4  , u = Wkh pdujlqdo frvwv ri
surgxfwlrq duh lghqwlfdo dqg qrupdol}hg wr }hur1
Ilup m fkrrvhv sulfh s| lq shulrg w 5 i4> 5j > zkhuh m @ 3 lqgh{hv wkh
hqwudqw/ dqg m @ 4 wkh lqfxpehqw1 Wkh qhw xwlolw| ri d sxufkdvh wr wkh ex|hu
lv wkh +h{shfwhg, txdolw| ri wkh surgxfw plqxv lwv fxuuhqw sulfh1 Ex|huv dqg
vhoohuv pd{lpl}h wkh vxp ri wkhlu shu shulrg sd|rv1
Wkh uhyhodwlrq ri xqfhuwdlqw| wdnhv dq h{wuhpho| vlpsoh irup1 Li d iudf0
wlrq { ri wkh ex|huv h{shulphqw zlwk wkh qhz surgxfw/ wkhq lwv wuxh txdolw|
lv uhyhdohg wr doo djhqwv lq wkh vhfrqg shulrg zlwk suredelolw| {= Zlwk wkh
frpsohphqwdu| suredelolw|/ qr qhz lqirupdwlrq duulyhv1
Frqvlghu uvw wkh frqwlqxdwlrq jdphv diwhu }hur ru frpsohwh h{shul0
phqwdwlrq= { 5 i3> 4j1 Xqghu frpsohwh h{shulphqwdwlrq lq wkh uvw sh0
ulrg +{ @ 4,/ wkh qhz surgxfw lv zruwk M zlwk suredelolw|  lq wkh vhf0
rqg shulrg1 Wkh vhfrqg shulrg sulfhv duh jlyhq e| Ehuwudqg frpshwlwlrq=
5

Zh duh judwhixo wr Hulf Pdvnlq iru vxjjhvwlqj wklv h{dpsoh1
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s2f @ M  v dqg s2 @ 3/ dqg doo ex|huv sxufkdvh iurp wkh hqwudqw1 Zlwk
suredelolw| 4  > wkh txdolw| lv orz dqg wkh vhfrqg shulrg sulfhv duh s2f @ 3
dqg s2 @ v  u / dqg doo ex|huv sxufkdvh iurp wkh lqfxpehqw1 Frqglwlrqdo
rq frpsohwh h{shulphqwdwlrq lq wkh uvw shulrg/ wkh h{shfwhg vhfrqg shulrg
surwv iru wkh wzr upv duh  2f @ +M  v, dqg  2 @ +4  , +v  u ,1 Li
wkhuh lv }hur h{shulphqwdwlrq lq wkh uvw shulrg/ wkhq vhfrqg shulrg sulfhv
duh jlyhq e| s2f @ pd{ i +,  v> 3j dqg s2 @ pd{ iv   +, > 3j > dqg wkh
up zlwk d srvlwlyh sulfh vhoov wr wkh hqwluh pdunhw1 Zh dvvxph iru wkh uhvw
ri wklv vhfwlrq wkdw  +, ? v1 Wklv lpsolhv wkdw iurp d p|rslf srlqw ri
ylhz/ h{shulphqwv duh frvwo|1
Wkh uvw shulrg htxloleulxp sulfhv/ sf dqg s > duh irxqg e| edfnzdug
lqgxfwlrq= Vlqfh hdfk frqvxphu lv ri phdvxuh }hur/ wkh ixwxuh sd|r ri dq lq0
glylgxdo ex|hu lv lqghshqghqw ri khu fxuuhqw surgxfw fkrlfh1 Wkh htxloleulxp
frqglwlrq xqghu Ehuwudqg sulflqj wkhq uhtxluhv wkh ex|hu wr eh lqglhuhqw
ehwzhhq wkh wzr rhuv=
+4,
 +,  sf @ v  s >
dqg khqfh wkh sulfh glhuhqwldo kdv wr eh htxdo wr wkh +h{shfwhg, txdolw|
glhuhqfh1 Pruhryhu/ zh uhtxluh wkdw wkh qrq vhoolqj up eh lqglhuhqw
ehwzhhq vhoolqj dqg qrw vhoolqj dw htxloleulxp sulfhv1 Sulfhv vdwlvi|lqj wklv
uhtxluhphqw duh fdoohg fdxwlrxv1 Zlwk wkh olqhdulw| ri wkh sd|rv lq {/ hlwkhu
doo ex|huv ru qrqh ex| iurp wkh qhz up lq htxloleulxp1 Wkh ydoxhv ri 
dw zklfk h{shulphqwdwlrq rffxuv lq htxloleulxp duh fkdudfwhul}hg e| wzr
frqglwlrqv1 Iluvw/ wkh lqfxpehqw pxvw suhihu wr frqfhgh wkh pdunhw lq wkh
uvw shulrg dqg wr pdnh vdohv lq wkh vhfrqg shulrg li wkh qhz jrrg idlov lq
wkh uvw shulrg=
s . v   +,  +4  , +v  u , 1
Zlwk fdxwlrxv sulflqj/ wklv krogv dv dq htxdolw| dqg
s @  +M  v, =

+5,

Vhfrqg/ wkh hqwudqw kdv wr pdnh qrqqhjdwlyh h{shfwhg surwv e| vhoolqj
wrgd| dqg ehwwlqj rq d idyrudeoh uhvroxwlrq ri xqfhuwdlqw| wrpruurz=
sf . +M  v,  3=
9

+6,

Wkh ydoxhv ri  wkdw vdwlvi| +4,0+6, lqgxfh h{shulphqwdwlrq lq wkh uvw sh0
ulrg1 Wkh frqglwlrqv +4,0+6, lpso| wkdw
sf @  +M  v, .  +,  v  +M  v,1
Khqfh h{shulphqwdwlrq rffxuv lq htxloleulxp zkhqhyhu
  W @

v  u
=
+M  u , . 5 +M  v,

Rq wkh rwkhu kdqg/ wkh vrfldoo| h!flhqw srolf| uhtxluhv h{shulphqwdwlrq
zkhqhyhu fxuuhqw frvwv ri h{shulphqwdwlrq duh rxwzhljkhg e| ixwxuh jdlqv=
+M  v,  v   +, >
ru

a@

v  u
=
+M  u , . +M  v,

Dv W ? 
a / zh frqfoxgh wkdw wkh fdxwlrxv htxloleulxp h{klelwv h{fhvvlyh
h{shulphqwdwlrq1
Wklv lqh!flhqf| fdq eh wudfhg wr wkh glyhujhqfh ri wkh sulydwh frvw iurp
wkh vrfldo frvw ri h{shulphqwv lq htxloleulxp1 Wkh vrfldo ehqhw/ +M  v,>
frlqflghv zlwk wkh hqwudqw*v sulydwh ehqhw1 Wkh vrfldo frvw lv jlyhq e| wkh
p|rslf orvvhv/ v   +,1 Wkh sulydwh frvw ri vxssruwlqj wkh h{shulphqw/ l1h1
wkh qhjdwlyh sulfh wkdw wkh hqwudqw kdv wr txrwh/ lv sf @  +,v. +M  v,1
Wkh dgglwlrqdo whup  +M  v, lv wkh sulfh ri wkh lqfxpehqw/ dqg wkxv
uh hfwv klv lqirupdwlrqdo jdlq wkurxjk fdxwlrxv sulflqj1 Wkh idloxuh ri wkh
ex|huv wr wdnh wkh ixwxuh vxusoxv h{wudfwlrq lqwr dffrxqw uhgxfhv wkh sulydwh
frvw wr qdqfh h{shulphqwdwlrq1 Lq frqwudvw wr wkh gxrsro|/ zkhuh wkh
lghqwlw| ri wkh ehqhwlqj vhoohu ghshqgv rq wkh rxwfrph ri wkh h{shulphqw/ d
prqrsro| zrxog h{wudfw wkh vrfldo vxusoxv dw hyhu| vwdjh dqg wkh htxloleulxp
zrxog eh h!flhqw1 Pruh lqvljkw lqwr wkh glvfuhsdqf| ehwzhhq wkh h!flhqw
dqg wkh htxloleulxp doorfdwlrq pd| eh rewdlqhg e| frqvlghulqj wkh fdvh
zkhuh doo ex|huv dfw froohfwlyho| dqg pdnh sxufkdvhv dv d frrshudwlyh16
Lq htxloleulxp/ wkh frrshudwlyh lv lqglhuhqw ehwzhhq wkh wzr surgxfwv
dw fxuuhqw sulfhv1 Khqfh wkh sulfh glhuhqwldo lv htxdo wr wkh vxp ri wkh
6

Wklv lv wkh fdvh dqdo|}hg lq Ehujhpdqq dqg Yçolpçnl +4<<9,1

:

txdolw| glhuhqwldo dqg wkh fkdqjh lq wkh frqwlqxdwlrq sd|r uhvxowlqj iurp
h{shulphqwdwlrq/
sf  s @  +,  v . v . +4  , u   +, @  +,  v   +v  M , = +7,
E| fdxwlrxv sulflqj/ s htxdov wkh h{shfwhg jdlq iurp h{shulphqwdwlrq iru
wkh lqfxpehqw zkhq wkh hqwudqw lv vhoolqj lq wkh uvw shulrg1 Qrwlfh wkdw
zlwk wkh frrshudwlyh/ wkh h{shfwhg orvvhv iurp h{shulphqwdwlrq iru wkh ex|hu
htxdo h{dfwo| wkh lqfxpehqw*v h{shfwhg jdlq1 Wkh htxloleulxp frqglwlrq +7,
wkhq vkrzv wkdw wkh sulydwh frvw ri h{shulphqwdwlrq iru wkh hqwudqw frlqflghv
zlwk wkh vrfldo frvw/ ru sf @  +,  v/ dqg h!flhqf| iroorzv1 Wkh g|qdplf
lpsolfdwlrqv ri wkh lqirupdwlrqdo h{whuqdolw| duh frqvlghuhg qh{w lq d pruh
judgxdo surfhvv ri lqirupdwlrq uhyhodwlrq dqg zlwk d qlwh qxpehu ri ex|huv
dqg vhoohuv1

6

Wkh Prgho

Wkh pdunhw frqvlvwv ri ex|huv dqg vhoohuv1 Wkh ex|huv duh lqgh{hg e| l 5
i4> ===> Qj1 Wzr vhoohuv/ m @ 3> 4/ rhu glhuhqwldwhg surgxfwv dqg frpshwh
lq sulfhv lq d frqwlqxrxv wlph prgho zlwk dq lqqlwh krul}rq1 Ilup 3 lv
fdoohg wkh qhz up ru wkh hqwudqw1 Wkh ydoxh/ > ri lwv surgxfw lv lqlwldoo|
xqnqrzq wr doo sduwlhv lq wkh pdunhw dqg zh uhihu wr lw dv wkh qhz ru
xqfhuwdlq surgxfw1 Lw fdq eh hlwkhu orz ru kljk=
 5 iu > M j /
zlwk 3 ? u ? v ? M 1 Wkh ydoxh ri up 4*v surgxfw lv v/ dqg wkh
up lv fdoohg wkh hvwdeolvkhg up ru wkh lqfxpehqw1 Doo sod|huv vkduh d
frpprq sulru Su + @ M , @ f = Ohw q +w, ghqrwh wkh qxpehu ri ex|huv
wkdw sxufkdvh up m  v surgxfw lq shulrg w=
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Ed|hvldq Ohduqlqj

Wkh xqfhuwdlqw| derxw wkh ydoxh ri wkh qhz surgxfw fdq eh uhvroyhg rqo| e|
h{shulphqwlqj1 Wkh shuirupdqfh ri wkh qhz surgxfw lv/ krzhyhu/ vxemhfw wr
;

udqgrp glvwxuedqfhv1 Wkh lqirupdwlrq uhvxowlqj iurp dq| vlqjoh sxufkdvh
surylghv d qrlv| vljqdo ri wkh wuxh xqghuo|lqj txdolw|1 Wkh rz xwlolw| iurp
wkh xqfhuwdlq dowhuqdwlyh lv
gx +w, @ gw . gZ +w,>
zkhuh gZ +w, lv wkh lqfuhphqw ri wkh rqh0glphqvlrqdo vwdqgdug Zlhqhu
surfhvv1 Zh dvvxph wkdw gZ dqg gZ duh lqghshqghqw iru l 9@ l = Wkh
rz xwlolw| ri wkh hvwdeolvkhg surgxfw lv jlyhq e|


gx +w, @ vgw1
Wkh djjuhjdwh shuirupdqfh ri wkh surgxfw ryhu doo ex|huv lv wkh vxp ri rz
xwlolw| uhdol}dwlrqv/ zklfk zh dvvxph wr eh sxeolfo| revhuydeoh1 Ohw qf +w,
eh wkh qxpehu ri wkh qhz up*v fxvwrphuv dqg z1o1r1j1 dvvxph wkdw iru d
jlyhq qf +w, > wkh ex|huv zlwk wkh vpdoohvw lqglfhv ex| iurp wkh qhz up1
Wkh djjuhjdwh shuirupdqfh ri wkh qhz surgxfw lv jlyhq e|
[?f E|
[?f E|
gx +w, @ qf +w, gw . 
gZ +w, 1
+8,
'

'

Doo uhohydqw lqirupdwlrq lv frqwdlqhg lq wkh djjuhjdwh rxwfrph17 Dv wkh
ydoxh ri  lv hlwkhu u ru M / wkh srvwhulru eholhiv duh jlyhq e|  +w, > zlwk
 +w, @ Su + @ M m I +w,, >
zkhuh I +w, lv wkh klvwru| +ru pruh dffxudwho|/ wkh owudwlrq, jhqhudwhg e|
wkh sdvw revhuydwlrqv1 Wkh frqglwlrqdo h{shfwhg txdolw|  + +w,, ri wkh
xqfhuwdlq surgxfw lv
 + +w,, @ +4   +w,,u .  +w, M =
Wkh sod|huv h{wudfw wkh lqirupdwlrq frqwdlqhg lq wkh qrlv| pdunhw rxwfrph
+8, wr xsgdwh wkhlu eholhiv1 Wkh jdph lv wkxv rqh ri lqfrpsohwh exw v|p0
phwulf lqirupdwlrq/ dqg qr lvvxhv ri dv|pphwulf lqirupdwlrq dulvh1 Dv wkh
eholhiv duh fkdudfwhul}hg e|  +w,/ wkh lqihuhqfh sureohp uhgxfhv wr wkh gh0
vfulswlrq ri wkh odz ri prwlrq ri  +w,18 Lw fdq eh vkrzq wkdw  +w, lv d
7

Uhfdoo wkdw lq Ed|hvldq ohduqlqj prghov zlwk qrupdo glvwulexwlrqv/ wkh vdpsoh phdq
dqg wkh qxpehu ri revhuydwlrqv frqvwlwxwh d vx!flhqw vwdwlvwlf iru wkh revhuydwlrq ri ?
l1l1g1 gudzv iurp d glvwulexwlrq zlwk nqrzq yduldqfh dqg xqnqrzq phdq1
8
Vhh Olswvhu dqg Vklu|d|hy +4<::,/ Fkdswhu </ iru wkh owhulqj htxdwlrqv ri wkh Eurzq0
ldq prwlrq lq frqwlqxrxv wlph1

<

glxvlrq surfhvv zlwk }hur guliw dqg lqvwdqwdqhrxv yduldqfh qf +w,
zkhuh


 +w, +4   +w,, +M  u , 2
+ +w,, @
=


+ +w,, >

Wkh surfhvv ri wkh srvwhulru  +w, kdv }hur guliw vlqfh srvwhulru eholhiv irup
d pduwlqjdoh dqg dq| fkdqjh lq  +w, kdv }hur h{shfwdwlrq1 Wkh yduldqfh
+ +w,, phdvxuhv wkh dgglwlrqdo lqirupdwlrq rewdlqhg wkurxjk dq h{shul0
phqw1 Dq lqfuhdvh lq wkh yduldqfh fdxvhv d pruh udslg fkdqjh lq wkh srvwh0
ulru1 Wkh yduldqfh ri  +w, lv olqhdu lq wkh vl}h ri wkh djjuhjdwh h{shulphqw/
>u 2
1 D odujh pdunhw vkduh
qf +w, > dqg lq wkh vljqdo wr qrlvh udwlr E>M 3
j2
iru wkh qhz up uhvxowv lq d idvwhu fkdqjh ri wkh srvwhulru  +w, dv pruh
lqirupdwlrq lv jhqhudwhg1
Wkh nh| dvvxpswlrq lq rxu prgho lv wkh sxeolf revhuydelolw| ri wkh xwlolw|
vljqdov1 Wklv doorzv xv wr devwudfw iurp wkh lvvxh ri lglrv|qfudwlf glhuhqfhv
lq srvwhulru eholhiv wkdw pljkw dulvh iurp glhuhqw h{shulhqfhv1 Zkloh wklv lv
fohduo| d vwurqj dvvxpswlrq/ zh ihho wkdw lw dssur{lpdwhv zhoo wzr lpsruwdqw
hfrqrplf vlwxdwlrqv1 Lq wkh uvw/ d odujh qxpehu ri ex|huv duh idfhg zlwk
wkh vdph g|qdplf ghflvlrq sureohp1 Hyhq dq lpshuihfw djjuhjdwh phdvxuh
ri shuirupdqfh e| wkh qhz surgxfw lv ydoxdeoh wr wkh ex|huv* fkrlfhv1 Wklv
vlwxdwlrq lv frpprq lq wkh surylvlrq ri vhuylfhv/ dqg h{dpsohv lqfoxgh wkh
gdwd froohfwhg e| frqvxphu djhqflhv rq wkh shufhqwdjh ri ljkwv duulylqj rq
wlph rq d qhz dluolqh ru dyhudjh zdlwlqj wlphv iru lqwhuqhw vhuylfhv rq d qhz
surylghu1 Wkh vhfrqg fodvv ri sureohpv lqyroyhv rqfh dqg iru doo sxufkdvhv ri
gxudeoh jrrgv1 Lq Vhfwlrq 7/ zh dujxh wkdw rxu prgho fdq eh uhlqwhusuhwhg
dv rqh ri gxudeoh jrrgv vdohv wr dq lq rz ri qhz ex|huv1 Lq wkdw fdvh/ qr
ex|hu kdv lqglylgxdo lqirupdwlrq rq wkh surgxfwv dw wkh prphqw zkhq wkh
fkrlfh lv pdgh dqg sxeolf lqirupdwlrq lv wkh rqo| edvlv iru dvvhvvlqj wkh
surgxfwv1
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Vwudwhjlhv dqg Htxloleulxp

Wkh g|qdplf jdph frqvlvwv ri wzr frpsrqhqwv= wkh sulflqj vwudwhjlhv ri wkh
vhoohuv dqg wkh dffhswdqfh ghflvlrqv ri wkh ex|huv1 Wkh vwudwhjlhv ghshqg
rq lqirupdwlrq dydlodeoh wr wkh djhqwv dw wkh lqvwdqw ri ghflvlrq1 Vlqfh zh
43

zdqw wr dqdo|}h krz wkh uhvroxwlrq ri xqfhuwdlqw| dhfwv wkh sulflqj jdph
ehwzhhq wkh vhoohuv/ zh frqfhqwudwh rq htxloleuld lq Pdunryldq vwudwhjlhv1
Wklv doorzv xv wr uxoh rxw frooxvlyh htxloleuld zlwk frqwlqxdwlrq vwudwhjlhv
wkdw ghshqg rq lqirupdwlrq wkdw lv qrw sd|r uhohydqw1
Zh ylhz wkh prgho dv d frqwlqxrxv wlph dqdorjxh ri wkh uhshdwhg h{whq0
vlyh irup jdph zkhuh wkh vhoohuv vhw sulfhv dw wkh ehjlqqlqj ri hdfk vwdjh/
dqg ex|huv wkhq fkrrvh zkhuh wr ex|1 Zlwk wklv lq plqg/ wkh qdwxudo vwdwh
yduldeoh lq shulrg w lv  +w, iru wkh vhoohuv/ dqg iru wkh ex|huv lw lv  +w, wr0
jhwkhu zlwk wkh suhydlolqj sulfhv/ sf +w, dqg s +w,1 D sulflqj srolf| s lv
d phdvxudeoh ixqfwlrq s = ^3> 4` $ U= Lq wkh htxloleulxp dqdo|vlv zh vkrz
wkdw wkh uhvwulfwlrq wr sxuh vwudwhjlhv lv zlwkrxw orvv ri jhqhudolw|1 Hdfk
ex|hu kdv xqlw ghpdqg dw hyhu| lqvwdqw dqg khu dffhswdqfh srolf|/ d / gh0
whuplqhv zkhuh wr sxufkdvh wkh surgxfw= d = ^3> 4`  U  U $ i3> 4> Uj = Wkh
dffhswdqfh srolf| vshflhv zkhwkhu wkh ex|hu dffhswv vhoohu 3 ru 4 ru uhmhfwv
erwk +U, =
Wkh upv rhu sulfhv s +w, dw hdfk lqvwdqw ri wlph dqg wkhlu lqvwdqwd0
qhrxv uhyhqxhv hyroyh dv d ixqfwlrq ri pdunhw vkduh q +w, dqg sulfh s +w,=
g  +w, @ q +w, s +w, gw=
Wkh pdujlqdo frvw ri surgxfwlrq lv frqvwdqw dqg qrupdol}hg wr }hur1 Wkh
rz xwlolw| ri d ex|hu lv ghwhuplqhg e| khu fkrlfh dprqj wkh frpshwlqj
surgxfwv1 Lw lv khu rz xwlolw| qhw ri wkh fxuuhqw sulfh=
gx +w,  s +w, gw=
Wkh lqwhuwhpsrudo surwv ri hdfk up m duh d ixqfwlrq ri wkh sulflqj dqg
dffhswdqfh srolflhv ri wkh pdunhw sod|huv=
] "
h3o| g  +w,
Y +d> s > s3 > , @ Hk
f

zkhuh u A 3 lv wkh glvfrxqw udwh dqg d @ +d > ===> d ,1 Wkh lqwhuwhpsrudo
xwlolw| ixqfwlrqdo ri hdfk ex|hu lv wkh glvfrxqwhg rz ri qhw xwlolwlhv=
] "
h3o| +gx +w,  s +w, gw, /
Y +d > d3 > s> , @ Hk
f

zkhuh d +> sf +w, > s +w,, @ m dqg s @ +sf > s , =
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Ghqlwlrq 4 +Pdunry Shuihfw Htxloleulxp/ PSH,
D froohfwlrq ri vwudwhjlhv/ idW > sW j > lv d Pdunry Shuihfw Htxloleulxp li




+l, Y dW > sW > sW3 >   Y dW > s > sW3 >  > ;m> ;s > ;>
+ll,





Y dW > dW3 > sW >   Y d > dW3 > sW >  > ;l> ;d > ;=

Qrwlfh wkdw wkh ghyldwlrq vwudwhjlhv d dqg s duh qrw uhtxluhg wr eh
Pdunryldq1 Wkh htxloleulxp dqdo|vlv suhvhqwhg lq Vhfwlrqv 7 dqg 8 lqyroyhv
wkh vroxwlrq ri vwrsslqj sureohpv ghulyhg iurp wkh htxloleulxp frqglwlrqv1
Wkh edvlf whfkqltxh lv prvw fohduo| looxvwudwhg lq wkh vroxwlrq ri wkh vrfldoo|
h!flhqw doorfdwlrq1
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H!flhqf|

Wkh h!flhqw doorfdwlrq srolf| lq wkh pdunhw prgho fdq eh rewdlqhg e| vroy0
lqj d vshflf pxowl0duphg edqglw sureohp1 Khuh zh surylgh rqo| wkh hv0
vhqwldov ri wkh vroxwlrq whfkqltxh dqg uhihu wkh uhdghu wr Ndudw}dv +4<;7,
iru ghwdlov1 Vlqfh zh kdyh dvvxphg txdvlolqhdu xwlolwlhv iru doo ri wkh sod|huv
lq wkh jdph/ qglqj wkh vhw ri Sduhwr0h!flhqw doorfdwlrqv lv htxlydohqw wr
vroylqj wkh wrwdo vxusoxv pd{lpl}dwlrq sureohp1
Dq doorfdwlrq srolf| q lv d phdvxudeoh dqg dgdswhg surfhvv zlwk ydoxhv
q +w, 5 i4> ===> Qj1 Fohduo|/ dq rswlpdo srolf| doorfdwhv doo ex|huv wr rqh ri
wkh upv1 Ohw q +w, eh wkh qxpehu ri wkh qhz up*v fxvwrphuv dqg z1o1r1j1
dvvxph wkdw iru d jlyhq q +w, > wkh ex|huv zlwk wkh vpdoohvw lqglfhv ex| iurp
wkh qhz up1 Wkh h{shfwhg ydoxh ri dq doorfdwlrq srolf| q lv jlyhq e|
[

] "
[
?E|
3o|
h
+gw . gZ +w,, .
vgw = +9,
Y +q> , @ Hk
f

'

'?E|n

Wkh sureohp lv wkhq wr qg d srolf| qW vr dv wr pd{lpl}h h{shfwhg ydoxh
Y +, / pd{ Y +q> , > zlwk Y +, @ Y +qW > , > ; 5 ^3> 4` =
?

Wkh frqwurov lq wkh doorfdwlrq sureohp duh frqwlqxrxv/ exw gxh wr wkh
frqyh{lw| ri wkh ydoxh ixqfwlrq/ lw fdq eh vkrzq wkdw +9, lv htxlydohqw wr wkh

45

rswlpdo vwrsslqj sureohp=9
]
Y +, @ pd{ Y + > , @ Hk

3o|

f

h

[




3o Qv
gw . gZ +w, . h
/
'
u

zkhuh  lv d vwrsslqj wlph1: Dv wkh lqvwdqwdqhrxv sd|r  +, lv lqfuhdvlqj
lq / rqh pljkw h{shfw d vroxwlrq wkdw fkrrvhv wkh xqfhuwdlq dowhuqdwlyh lq
d kdoi0rshq lqwhuydo +a
> 4` dqg vwrsv wkh surfhvv dw 
a 1 Xvlqj Lw÷*v ohppd
dqg wkh vwrfkdvwlf glhuhqwldo htxdwlrq jryhuqlqj wkh srvwhulru surfhvv/ wkh
Kdplowrq0Mderel0Ehoopdq +KME, htxdwlrq ri wklv sureohp iru  A 
a lv wkh
;
iroorzlqj glhuhqwldo htxdwlrq=


4

uY +, @ Q  +, .
+:,
+, Y +,
5
zlwk wkh lqlwldo erxqgdu| frqglwlrqv jlyhq e| wkh ydoxh pdwfklqj dqg wkh
vprrwk sdvwlqj frqglwlrqv=
uY +a
, @ Qv>

Y +a
, @ 3=
Wkh glhuhqwldo htxdwlrq +:, uhsuhvhqwv wkh rz ehqhw gxulqj wkh h{shul0
phqwdwlrq skdvh1 Lw frqvlvwv ri wkh h{shfwhg sd|r Q +, dqg wkh lqiru0
pdwlrqdo jdlqv 2 +, Y  +, zklfk lpsuryh wkh lqwhuwhpsrudo srolf|1 Wkh
lqvwdqwdqhrxv yduldqfh +, lqglfdwhv wkh txdqwlw| ri lqirupdwlrq uhohdvhg
e| d xqlw ri h{shulphqwdwlrq dqg wkh fxuydwxuh ri wkh ydoxh ixqfwlrq Y  +,
lv wkh vkdgrz sulfh ri lqirupdwlrq iru wkh sodqqhu1 Lw lv wkhq rswlpdo wr h{0
shulphqw dv orqj dv wkh rz sd|r dqg wkh rz ydoxh ri lqirupdwlrq h{fhhgv
wkh ydoxh ri wkh vdih dowhuqdwlyh1
9

Wkh dvvxphg frqyh{lw| lv vkrzq wr krog lq wkh vroxwlrq ri wkh vwrsslqj sureohp dqg
wkh xqltxhqhvv ri wkh ydoxh ixqfwlrq wkhq mxvwlhv wkh lqlwldo k|srwkhvlv1
:
Uhfdoo wkdw d vwrsslqj wlph lv d uhdo ydoxhg/ 5 E| 0phdvxudeoh udqgrp yduldeoh1 Lq
rwkhu zrugv/ vwrsslqj dw | kdv wr eh ghflghg edvhg xsrq klvwru| dw wlph |
;
Wkh KME htxdwlrq lv wkh g|qdplf surjudpplqj htxdwlrq lq frqwlqxrxv wlph1 Lw fdq eh
vkrzq wkdw wkh KME htxdwlrq dgplwv d xqltxh vroxwlrq wkdw lv slhfhzlvh wzlfh frqwlqxrxvo|
glhuhqwldeoh1 Vhh Gl{lw dqg Slqg|fn +4<<7, ru Kduulvrq +4<;8, iru wkh ghwdlov1
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Wkhruhp 4 +H!flhqw Vwrsslqj,
Wkh Sduhwr h!flhqw vwrsslqj srlqw 
a lv

a@

+v  u , +  4,
/
+M  u , +  4, . 5 +M  v,

zlwk

v
@

4.

;u 2
1
Q +M  u ,2

Surri1 Vhh Dsshqgl{1
Iru qrwdwlrqdo euhylw|/ zh ghqh  e|=
/

;u 2
1
+M  u ,2

+;,

Wkh vwrsslqj srlqw 
a lv vwulfwo| lqfuhdvlqj dqg Y +, lv vwulfwo| ghfuhdvlqj lq
@Q1

7

Vlqjoh Pdunhw

Wkh edvlf prgho zlwk d qlwh qxpehu ri ex|huv lq d vlqjoh pdunhw lv suh0
vhqwhg lq vxevhfwlrq 7141 Wkh olplwlqj fdvh zlwk d frqwlqxxp ri vpdoo ex|huv
lv dqdo|}hg lq vxevhfwlrq 7151 Wkh olplwlqj prgho lv dovr lqwhusuhwhg dv d
prgho ri gxudeoh jrrgv vdohv zlwk d rz ri lqfrplqj ex|huv1
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Ilqlwho| Pdq| Ex|huv

Vlqfh zh duh orrnlqj iru htxloleuld lq Pdunryldq vwudwhjlhv/ zh fdq xvh g|0
qdplf surjudpplqj whfkqltxhv gluhfwo|1 Wkh ydoxh ixqfwlrqv ri wkh vhoohuv
duh ixqfwlrqv ri wkh fxuuhqw srvwhulru  +w, 5 ^3> 4` = Xvlqj Lw÷*v ohppd dqg
wkh htxdwlrq jryhuqlqj wkh srvwhulru surfhvv/ zh jhw wkh Kdplowrq0Mdfrel0
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+43,

zkhuh q lv wkh qxpehu ri ex|huv zkr sxufkdvh iurp wkh hqwudqw1 Revhuyh
wkdw wkh remhfwlyh ixqfwlrqv duh olqhdu lq vdohv iru erwk upv1
Hdfk Y +, fdq eh ghfrpsrvhg lqwr wkh rz uhyhqxh uhvxowlqj iurp vdohv/
q s > dqg wkh h{shfwhg fkdqjh lq wkh frpshwlwlyh srvlwlrq jhqhudwhg e| wkh
vdohv ri wkh qhz surgxfw/ fdswxuhg e| ?2 +, Y +,1 Dv wkh srvwhulru eholhi
 +w, irupv d pduwlqjdoh/ H ^g +w,` @ 3/ rqo| wkh vhfrqg rughu whup lq wkh
h{shfwhg fkdqjh uhpdlqv1 Zlwk Pdunryldq vwudwhjlhv/ hdfk up*v ixwxuh
frpshwlwlyh srvlwlrq lv lq xhqfhg rqo| e| wkh duulydo ri qhz lqirupdwlrq1
Khqfh 2 +, Y +, fdq eh lqwhusuhwhg dv wkh ydoxh ri lqirupdwlrq wr up
m1 H{shulphqwv ohdg wr pruh glhuhqwldwlrq +lq h{ srvw whupv, ehwzhhq wkh
wzr frpshwlwruv dv lqirupdwlrq lv dffxpxodwhg1 Lq d pruh glhuhqwldwhg
hqylurqphqw/ frpshwlwlyh suhvvxuh ehwzhhq wkh upv lv uhgxfhg dqg wkh|
duh deoh wr h{wudfw pruh vxusoxv iurp wkh ex|huv1 Dv d uhvxow/ rqh zrxog
h{shfw wkdw Y +, A 31
Wkh ydoxh ixqfwlrq ri ex|hu l lv
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zkhq q rwkhu ex|huv fkrrvh wkh xqfhuwdlq remhfw1 Wkh fkrlfh ri wkh ex|hu
lv ghwhuplqhg e| wkh h{shfwhg rz sd|r dqg wkh rz ydoxh ri lqirupdwlrq
uhohdvhg wkurxjk wkh fkrlfh1 E| vhohfwlqj wkh xqfhuwdlq up/ khu ixwxuh
sd|rv duh fkdqjhg e| wkh dprxqw ri 2 +, X +,1 Htxdwlrq +44, ri ex|hu
l lv uhsuhvhqwdwlyh ri doo ex|huv dv wkh| kdyh lghqwlfdo suhihuhqfhv dqg wkh|
kdyh dffhvv wr wkh vdph lqirupdwlrq1 Zh fdq wkhuhiruh rplw wkh lqgh{ l
hqwluho| dqg frqvlghu wkh uhsuhvhqwdwlyh ex|hu1 Glhuhqwldwlrq ohdgv wr ohvv
frpshwlwlyh sulfhv dqg khqfh hqdeohv wkh vhoohuv wr h{wudfw pruh vxusoxv iurp
wkh ex|huv1 Dv d frqvhtxhqfh/ lw lv wr eh h{shfwhg wkdw wkh ex|huv kdyh d
qhjdwlyh ydoxh ri lqirupdwlrq/ ru X  +, ? 31
Gxh wr sulfh frpshwlwlrq/ hdfk ex|hu kdv wr eh lqglhuhqw ehwzhhq wkh
dowhuqdwlyhv/ ru irupdoo|=
v  s @  +,  sf .
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Lw lv qhyhu rswlpdo wr ohdyh dq| ex|hu zlwk pruh qhw vxusoxv wkhq vkh zrxog
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rewdlq iurp wkh dowhuqdwlyh vhoohu/ qru frxog dq| vhoohu hyhu h{shfw wr pdnh
vdohv li kh zrxog rhu vwulfwo| ohvv wkdq dq| frpshwlqj dowhuqdwlyh1
Dv wkh remhfwlyh ixqfwlrqv ri wkh vhoohuv duh olqhdu lq pdunhw vkduhv dqg
+45, krogv/ zh frqfoxgh wkdw qrqwulyldo pdunhw vkdulqj fdq kdsshq rqo| li
erwk vhoohuv duh lqglhuhqw ehwzhhq vhoolqj dq| dprxqw q A 3 ru qrw vhoolqj
dw doo1 Exw dw dq| vxfk vwdwh / vwrsslqj wkh h{shulphqwv pxvw dovr eh dq
htxloleulxp rxwfrph1 Zh wkhq frqmhfwxuh wkdw wkh htxloleulxp doorfdwlrq
kdv wkh iroorzlqj vlpsoh vwuxfwxuh= Vlqfh wkh sd|r ri wkh vhfrqg vhoohu lv
lqfuhdvlqj lq / wkhuh lv d kdoi rshq lqwhuydo +W > 4`/ fdoohg wkh frqwlqxdwlrq
uhjlrq/ zkhuh h{shulphqwv rffxuv dw wkh pd{lpdo udwh qf @ Q/ dqg d forvhg
lqwhuydo ^3> W `/ fdoohg wkh vwrsslqj uhjlrq/ lq zklfk qr h{shulphqwv wdnh
sodfh dqg q @ Q1
Ehiruh zh yhuli| wklv frqmhfwxuh/ d txdolfdwlrq iru wkh sulflqj srolflhv
lv pdgh1 Zh uhtxluh wkdw dq| sulfh txrwhg e| d up zklfk lv qrw vhoolqj lq
d jlyhq shulrg zrxog pdnh wkh up dw ohdvw zhdno| ehwwhu r li dffhswhg1
Lq dq hduolhu sdshu/ Ehujhpdqq dqg Yçolpçnl +4<<9,/ zh fdoohg sulfhv zklfk
vdwlvi| wklv surshuw| fdxwlrxv1< Wkh ydoxh ixqfwlrqv lq +<, dqg +43, lpso|
wkdw fdxwlrxv sulfhv vdwlvi|=
sf +,  
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Frqglwlrq +46, vwdwhv wkdw wkh hqwudqw lv zloolqj wr vhoo rqo| li wkh sulfh lv
dw ohdvw rvhw e| wkh ydoxh ri wkh lqirupdwlrq rz1 Lq frqwudvw/ frqglwlrq
+47, vwdwhv wkdw wkh lqfxpehqw lv zloolqj wr vhoo rqo| li kh uhfhlyhv dw ohdvw
hqrxjk uhyhqxh wr frpshqvdwh iru wkh iruhjrqh lqirupdwlrqdo jdlqv1 D vlp0
soh xqghufxwwlqj dujxphqw hvwdeolvkhv wkdw wkh sulfhv s qhhg wr vdwlvi| wkh
dssursuldwh lqhtxdolw| dv dq htxdolw| li q @ 31 Zlwk srvlwlyh vdohv/ wkh
s +, 

<

Wklv uhtxluhphqw fdswxuhv wkh orjlf ehklqg wuhpeolqj kdqg suhihfwlrq lq wklv lqqlwh
wlph krul}rq iudphzrun1 Qrwlfh wkdw sulfhv R dw zklfk vdohv/ ? : fc rffxu dozd|v vdwlvi|
wkh fdxwlrxv surshuw|1 Zlwkrxw fdxwlrxvqhvv/ dq| vzlwfklqj srlqw ehwzhhq k dqg wkh
fdxwlrxv htxloleulxp vzlwfklqj srlqw kW fdq eh vxssruwhg1
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sulfhv duh rewdlqhg e| xvlqj +45,=
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dqg

Wkh sulfh ri hdfk vhoohu kdv wzr frpsrqhqwv1 Iluvw/ wkh sulfh h{wudfwv ru
vxevlgl}hv wkh glhuhqfh lq wkh fxuuhqw h{shfwhg ydoxh ri wkh dowhuqdwlyhv1
Wkh vhfrqg frpsrqhqw uh hfwv wkh lqwhuwhpsrudo lqfhqwlyhv ri wkh frpshwl0
wru dqg wkh lqglylgxdo ex|hu1 Wkh sulflqj srolflhv +48, dqg +49, glvsod| dq
lpsruwdqw dv|pphwu| lq wkh lq xhqfh wkh ydoxh ri lqirupdwlrq kdv rq wkh
sulflqj srolflhv1 Li wkh qhz up vhoov lwv surgxfw/ wkhq wkh h{shulphqwv jhq0
hudwh lqirupdwlrq lq wkh pdunhw1 Lq frqwudvw/ li wkh hvwdeolvkhg up lqwhqgv
wr pdnh d vdoh/ lw kdv wr uhfrjql}h wkdw lw uhgxfhv wkh lqirupdwlrq rz lq
wkh pdunhw/ zklfk lv uh hfwhg lq wkh vdohv sulfhv lq +49,1
Vlqfh dq| vlqjoh h{shulphqw surylghv uhohydqw lqirupdwlrq qrw rqo| wr
wkh ex|hu zkr sxufkdvhv wkh qhz jrrg/ exw wr doo ex|huv/ wkh h{shulphqw ri
dq lqglylgxdo ex|hu jhqhudwhv dq h{whuqdolw| dprqj doo ex|huv1 Wklv hhfw
lv qrw surshuo| uh hfwhg lq wkh htxloleulxp sulfhv1 Li/ dv zdv suhylrxvo|
dujxhg/ wkh ydoxh ri lqirupdwlrq/ X  +, > lv qhjdwlyh wr wkh ex|huv/ wkhq
wkh htxloleulxp sulfh ryhuvwdwhv wkh ydoxh ri dq h{shulphqw1 Lq idfw/ li wkh
qhz vhoohu zhuh wr devrue wkh frvw ri wkh qhjdwlyh h{whuqdolw| lpsrvhg rq doo
ex|huv e| d vlqjoh h{shulphqw/ wkhq wkh sulfh zrxog kdyh wr eh=
sf +, @  +,  v .
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Wkh glhuhqfh ehwzhhq +48, dqg +4:, lqglfdwhv wkh glyhujhqfh ehwzhhq wkh
pdunhw sulfh dqg wkh vrfldo sulfh ri wkh h{shulphqw/ zklfk lqfuhdvhv lq wkh
qxpehu ri ex|huv1
Xvlqj +48, dqg +49,/ wkh vhoohuv* rswlpdolw| frqglwlrqv fdq eh zulwwhq dv=


 

4


+, Yf +, . Y +, . X +, > 3
uYf +, @ Q pd{  +,  v .
5
+4;,
4:

dqg





 
4
4


uY +, @ Q pd{
+, Y +, > v   +, 
+, Yf +, . X +, =
5
5
+4<,
Lw lv hdvlo| yhulhg wkdw wkh wzr ydoxh ixqfwlrqv uhsuhvhqw wkh vdph vwrsslqj
sureohp1 Wkh lqglhuhqfh frqglwlrq +45, dqg fdxwlrxv sulflqj uhgxfh wkh
wzr glphqvlrqdo frqwuro sureohp lq sf +, dqg s +, lqwr d rqh0glphqvlrqdo
vwrsslqj sureohp lq  zklfk fdq eh vwdwhg dv= Krz orqj fdq wkh hqwudqw
drug d sulflqj srolf| wkdw fdswxuhv wkh hqwluh pdunhwB Wkh ydoxh ixqfwlrq
Yf +, lqglfdwhv wkdw wkh h{whqw ri h{shulphqwdwlrq ghshqgv rq wkh ehqhwv
wr wkh vhoohuv dqg wkh frvwv wr wkh ex|huv1 Wkh htxloleulxp vwrsslqj srlqw lv
rewdlqhg e| frqwlqxlw| frqglwlrqv rq wkh ydoxh ixqfwlrqv ri doo sod|huv dqg
d vprrwkqhvv frqglwlrq dvvrfldwhg zlwk wkh vwrsslqj sureohp ri wkh qhz
vhoohu143
Wkhruhp 5 +Htxloleulxp Vwrsslqj,
Wkhuh lv d xqltxh PSH lq fdxwlrxv vwudwhjlhv1 Wkh htxloleulxp sdwk glvsod|v
h{fhvvlyh h{shulphqwdwlrq1 Wkh vwrsslqj srlqw lv jlyhq e|=
W @
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s
4 . @ +Q  4,/ dqg  dqg  dv lq Wkhruhp 41

Surri1 Vhh Dsshqgl{1
Wkh wkuhvkrog W dw zklfk vwrsslqj rffxuv lv ghfuhdvlqj lq wkh qxpehu
ri ex|huv1 Dq lqfuhdvh lq wkh pdunhw vl}h Q lqfuhdvhv wkh vljqdo wr qrlvh
udwlr ri wkh rxwfrph zkhq doo ex|huv h{shulphqw dqg wkxv lqfuhdvhv wkh
uhwxuq iurp h{shulphqwdwlrq1 Iru Q @ 4/ wkh htxloleulxp frlqflghv zlwk
a / dv vkrzq lq Ehujhpdqq dqg Yçolpçnl +4<<9,1
h!flhqw vwrsslqj= W @ 
Wkh htxloleulxp sulfh srolflhv s +, dqg wkh fxuydwxuhv ri wkh ydoxh ixqf0
wlrqv Y +, dqg X +, iroorz gluhfwo| iurp wkh vroxwlrq ri wkh htxloleulxp
vwrsslqj sureohp1
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Wkh h{solflw ghulydwlrq ri wkh ydoxh ixqfwlrqv lv suhvhqwhg lq Ohppd 4 lq wkh dsshqgl{1

4;

Fruroodu| 4 +Vxepduwlqjdoh dqg Frqyh{lw|,
41 Wkh sulflqj srolflhv s +, duh vxepduwlqjdohv1
51 Wkh ydoxh ixqfwlrqv ri wkh vhoohuv duh frqyh{1
61 Wkh ydoxh ixqfwlrqv ri wkh ex|huv duh frqfdyh1
Wkh vxepduwlqjdoh fkdudfwhul}dwlrq ri wkh sulfhv looxvwudwhv wkh glohppd
idflqj wkh ex|huv1 Dv wkh h{shfwhg txdolw| ri hdfk surgxfw iroorzv d pduwlq0
jdoh/ wkh vxepduwlqjdoh sulfhv lpso| wkdw ex|huv h{shfw ghfuhdvlqj qhw xwlo0
lwlhv ryhu wlph1 Lq idfw/ wkh lqvwdqwdqhrxv xwlolwlhv/ gx +, @  +,  sf +,/
ri wkh ex|huv irup d vwulfw vxshupduwlqjdoh lq wkh frqwlqxdwlrq uhjlrq1 Dv
wkh hvwdeolvkhg vhoohu lv lqglhuhqw ehwzhhq vhoolqj dqg qrw vhoolqj lq wkh
h{shulphqwdo skdvh/ zh kdyh
s +, @

4
+, Y +,
5
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Wkh iruhjrqh uhyhqxh dw dq| lqvwdqw ri wlph pxvw eh htxdo wr wkh h{shfwhg
lqfuhdvh lq glvfrxqwhg ixwxuh uhyhqxh/ ru
s +, @
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iurp zklfk lw iroorzv wkdw wkh sulfh ri wkh lqfxpehqw kdv d srvlwlyh guliw1
Wkh vhoolqj sulfh sf +, kdv wzr lqwhuhvwlqj ihdwxuhv1 Lw lv qhjdwlyh eh0
wzhhq W dqg vrph  zlwk  +,  v ? 3= Wkh qhjdwlyh sulfh frpshqvdwhv
wkh ex|huv iru wkhlu sxufkdvhv ri wkh +p|rslfdoo|, orzhu txdolw| surgxfw1
Exw sf +, lv qrw prqrwrqh lqfuhdvlqj lq  dv rqh pljkw kdyh h{shfwhg1 Dv
 dssurdfkhv W iurp wkh uljkw/ wkh ydoxh ixqfwlrq ri wkh lqfxpehqw up
lqfuhdvhv dv wkh olnholkrrg ri vwrsslqj lqfuhdvhv dqg wkh h{shfwhg wlph wr
vwrsslqj +frqglwlrqdo rq hyhqwxdo vwrsslqj, ghfuhdvhv1 Wkurxjk fdxwlrxv
sulflqj/ wklv ohdgv wr kljkhu sulfhv srvwhg e| wkh lqfxpehqw1 Wkh frpshwl0
wlyh suhvvxuh rq wkh hqwudqw lv wkxv uholhyhg dqg kh fdq fkdujh kljkhu sulfhv1
Wkxv d vhjphqw ri ghfuhdvlqj sulfhv +dv d ixqfwlrq ri , lv revhuyhg1 Ohvv
4<

djjuhvvlyh sulfhv e| wkh lqfxpehqw doorz wkh hqwudqw wr vkliw wkh frvw ri wkh
h{shulphqwv wr wkh ex|huv dv eholhiv ehfrph pruh shvvlplvwlf1
Wkh fxuydwxuhv ri wkh ydoxh ixqfwlrqv uh hfw wkh dwwlwxghv wrzdugv lqiru0
pdwlrq1 Dv wkh srvwhulru eholhi  dssurdfkhv wkh vwrsslqj srlqw W / wkh ydoxh
ri lqirupdwlrq iru wkh hqwudqw ghfolqhv dqg dw W / zh revhuyh Yf +W , @ 3
dqg e| lpsolfdwlrq sf +, frqyhujhv wr 3 iurp wkh uljkw1 Iru srvwhulru eh0
olhiv forvh wr W / vwrsslqj ehfrphv doprvw fhuwdlq dqg wkh ex|huv ehfrph
ohvv dyhuvh wr h{shulphqwdwlrq/ dqg dw W / zh qg X  +W , @ 31 D w|slfdo
sdlu ri htxloleulxp sulfh srolflhv s +, dqg rz xwlolwlhv gx +,  s +, gw
dv d ixqfwlrq ri  duh suhvhqwhg lq Ilj141
^Lqvhuw Ilj14 khuh`
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Wkh suhylrxv dqdo|vlv vxjjhvwv wkdw wkh lqh!flhqf| lqfuhdvhv dv wkh vl}h
ri d vlqjoh ex|hu ehfrphv vpdoo uhodwlyh wr wkh vl}h ri wkh pdunhw1 Wkh
h{shulphqwv vkrxog wkhq h{whqg wr wkuhvkrog ohyhov W +Q, zklfk ghfolqh
lq wkh qxpehu Q ri ex|huv1 Wr pdnh wklv lqwxlwlrq suhflvh/ zh kdyh wr
eh fduhixo zkhq fkdqjlqj Q1 Li zh zhuh wr vlpso| lqfuhdvh wkh qxpehu ri
ex|huv/ zh zrxog dovr fkdqjh wkh lqirupdwlyhqhvv ri wkh djjuhjdwh rxwfrph
lq wkh frqwlqxdwlrq uhjlrq1 Lq idfw/ dv wkh qxpehu ri ex|huv lqfuhdvhv/ wkh
lqvwdqwdqhrxv djjuhjdwh rxwfrph zrxog ehfrph frpsohwho| lqirupdwlyh e|
wkh odz ri odujh qxpehuv/ dqg hyhq wkh h!flhqw vwrsslqj srlqw 
a zrxog
frqyhujh wr 31
Lw lv wkhuhiruh qhfhvvdu| wr nhhs wkh lqirupdwlyhqhvv ri wkh djjuhjdwh
rxwfrph lqghshqghqw ri wkh qxpehu ri ex|huv li zh zdqw wr dqdo|}h wkh hhfw
ri pdnlqj wkh ex|huv vpdoo zlwkrxw holplqdwlqj wkh djjuhjdwh xqfhuwdlqw|1
Wklv fdq eh dffrpsolvkhg e| ghfuhdvlqj wkh vl}h ri wkh lqglylgxdo h{shulphqw
dv zh lqfuhdvh wkh wrwdo qxpehu ri h{shulphqwv1 E| qrupdol}lqj wkh rz
xwlolw| iurp wkh h{shulphqw wr
gx +w, @



gw . s gZ +w, >
Q
Q

wkh vl}h ri wkh djjuhjdwh h{shulphqw uhpdlqv xqfkdqjhg dv zh lqfuhdvh Q1
53

Lqwxlwlyho|/ lq d pdunhw zlwk {hg djjuhjdwh yduldqfh 2 / wkh hhfw ri lq0
fuhdvlqj Q wkhq uh hfwv vroho| wkh lqfuhdvh lq wkh h{whuqdolw| ehwzhhq wkh
ex|huv1 Qrwh lq sduwlfxodu wkdw wkh vrfldoo| h!flhqw doorfdwlrq srolf| lv
lqghshqghqw ri Q1
Wkh lqh!flhqf| gxh wr wkh iuhh0ulglqj dvshfw lqfuhdvhv dv hdfk ex|hu
kdv dq hyhu vpdoohu lq xhqfh rq wkh uhohdvh ri lqirupdwlrq1 Lq frqvhtxhqfh/
wkh hqwudqw kdv wr frpshqvdwh hdfk lqglylgxdo ex|hu ohvv dqg ohvv iru wkh
sduwlflsdwlrq lq wkh h{shulphqw1 Lw wkhq ehfrphv ohvv frvwo| iru wkh hqwudqw
wr qdqfh wkh h{shulphqwv dqg wkh vwrsslqj srlqw W +Q, ghfuhdvhv dv d
ixqfwlrq ri Q1 Wkh htxloleulxp vwrsslqj srlqw W +Q, lv dv lq Wkhruhp 5
jlyhq e|
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zkhuh wkh rqo| fkdqjhv duh lqwurgxfhg wkurxjk wkh sdudphwhuv  dqg 
zklfk uh hfw wkh qrupdol}dwlrq ri wkh pdunhw vl}h/ zlwk
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Wkh sdudphwhu 
h lv qrz lqghshqghqw ri Q dv wkh djjuhjdwh pdunhw vl}h
h uhsuhvhqwv wkh vkduh ri wkh
lv frqvwdqw dqg htxdo wr 41 Wkh sdudphwhu 
yduldqfh lq wkh srvwhulru eholhi iru zklfk wkh lqglylgxdo frqvxphu lv qrw
frpshqvdwhg/ qdpho| +Q  4, @Q1 Wkh vrfldo ydoxh ri wkh jdph lv ghfuhdvlqj
lq Q gxh wr wkh h{fhvvlyh lqirupdwlrq dftxlvlwlrq1 Wkh prqrwrqlflw| ri wkh
doorfdwlrq lq Q lv dvvrfldwhg zlwk wkh prqrwrqlflw| ri wkh ydoxh ixqfwlrqv
ri wkh djhqwv1 Dv Q lqfuhdvhv/ wkh vhoohu ri wkh xqnqrzq surgxfw uhfhlyhv d
vxffhvvlyho| odujhu vkduh ri wkh vrfldo vxusoxv wr wkh ghwulphqw ri wkh nqrzq
vhoohu dqg wkh djjuhjdwh ydoxh ri wkh ex|huv1 Wkh frpsdudwlyh vwdwlf uhvxowv
iroorz gluhfwo| iurp wkh htxloleulxp ydoxh ixqfwlrqv1

54

Fruroodu| 5 +Frqyhujhqfh dqg Prqrwrqlflw|,
41 Wkh htxloleulxp vwrsslqj srlqw W +Q, lv vwulfwo| ghfuhdvlqj lq Q dqg
frqyhujhv wr wkh vwrsslqj srlqw zlwk lqqlwho| pdq| ex|huv=
W" @

  4,2
+v  u , +h
+M  u , +h
  4,2 . 7
 +M  v,

51 Wkh ydoxh ixqfwlrq Yf +, lv vwulfwo| lqfuhdvlqj lq Q iru doo  A W +Q,1
61 Wkh ydoxh ixqfwlrqv QX +, dqg Y +, duh vwulfwo| ghfuhdvlqj lq Q iru
doo  A W +Q,1
Surri1 Vhh Dsshqgl{1
Wkh h{whqw ri wkh lqh!flhqf| dv Q lqfuhdvhv lv ghslfwhg lq Ilj1 51/ zklfk
vkrzv wkh sulfh sdwk ri sf +, dv Q ydulhv1 Dv Q lqfuhdvhv wkh qhz up
vxffhhgv lq vkliwlqj wkh frvwv ri wkh h{shulphqwv wr wkh ex|huv1 Pruhryhu
wkh sodwhdx zlwk sf +, @ 3 uhfhghv dv Q lqfuhdvhv1
^Lqvhuw Ilj1 5 khuh`
Lq wkh olplw dv Q $ 4> dq| vlqjoh h{shulphqw fduulhv qr lqirupdwlrq
derxw wkh ydoxh ri wkh xqfhuwdlq dowhuqdwlyh1 Wkh vlqjoh ex|hu lv qrz lq0
qlwhvlpdoo| vpdoo uhodwlyh wr wkh pdunhw dqg khu sxufkdvh ghflvlrq kdv qr
lpsdfw rq wkh lqirupdwlrqdo frqwhqw ri wkh pdunhw rxwfrph1 Frqvhtxhqwo|/
qhlwkhu wkh lqglylgxdo ex|hu qru wkh vhoohuv dwwdfk dq| vwudwhjlf lpsruwdqfh
wr khu fxuuhqw ghflvlrq1 Lq wkh olplw wkh uhsuhvhqwdwlyh ex|hu wkhq ehkdyhv
dv li vkh zhuh frpsohwho| p|rslf1 Wkh lqglhuhqfh frqglwlrq ri hdfk ex|hu
vlpsolhv wr
+56,
 +,  sf @ v  s
dv wkh vl}h ri wkh lqglylgxdo h{shulphqw lv lqqlwhvlpdo1 Zh fdq wkhuhiruh
vwuhqjwkhq Fruroodu| 4 dqg rewdlq v|pphwu| lq wkh h{shfwhg udwhv ri fkdqjh
ri wkh sulfhv txrwhg e| wkh vhoohuv1
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Fruroodu| 6
Lq wkh frqwlqxdwlrq uhjlrq/ wkh sulflqj srolflhv ri erwk upv duh vxepduwlq0
jdohv zlwk lghqwlfdo dqg srvlwlyh guliw=
H ^gs +,` @ us +, gw> iru m @ 3> 4=
Lqwhuhvwlqjo|/ wkh prgho zlwk d frqwlqxxp ri ex|huv fdq eh uhlqwhusuhwhg
dv rqh zlwk d frqvwdqw lq rz ri ex|huv wkdw pdnh d rqfh dqg iru doo sxufkdvh
ri d gxudeoh jrrg1 Zlwk shuihfw gxudeohv/ lw lv qdwxudo wkdw wkh h{shulhqfhv
ri sdvw ex|huv kdyh d odujh lpsdfw rq fxuuhqw ex|huv* eholhiv rq surgxfw
txdolw|1 Lq wkh devhqfh ri uhshdw sxufkdvhv/ lw lv dovr lqfhqwlyh frpsdwl0
eoh iru doo ex|huv wr uhsruw wkhlu h{shulhqfhv wuxwkixoo| hyhq lq wkh fdvh ri
sulydwh revhuydelolw|1 Wkh rqo| qhz frqvwudlqw wkdw dsshduv lq wkh gxudeoh
jrrgv fdvh lv wkdw zh qhhg wr pdnh vxuh wkdw qr ex|hu zdqwv wr ghod| khu
sxufkdvh1 Dv sulfhv duh dozd|v ehorz wkh h{shfwhg ydoxh ri wkh surgxfw dqg
wkh h{shfwhg fkdqjh lq sulfhv lv qrqqhjdwlyh/ zdlwlqj hqwdlov d orvv wr wkh
ex|huv lq doo shulrgv1 Qrwlfh dovr wkdw lw lv qhyhu lq wkh upv* lqwhuhvw wr gh0
od| vdohv1 Khqfh wkh htxloleulxp dv ghvfulehg deryh |lhogv dq htxloleulxp lq
wklv gxudeoh jrrgv prgho dv zhoo1 Lqvwhdg ri kdylqj wkh vdph ex|huv vzlwfk
iurp rqh surgxfw wr wkh rwkhu/ glhuhqw ex|huv fkrrvh glhuhqw surgxfwv lq
wkh gxudeoh jrrgv lqwhusuhwdwlrq1 Dv hdfk ex|hu sxufkdvhv rqo| rqfh/ wkh
lqirupdwlrqdo hhfwv rq ixwxuh sulfhv duh qrw lqwhuqdol}hg1

8

Pdq| Pdunhwv

Lq wkh vlqjoh pdunhw prgho/ wkh vhoohuv lqwhuqdol}h wkh hhfw iurp doo lqiru0
pdwlrq rzv lq wkh prgho zkloh wkh ex|huv duh qrw deoh wr gr wklv1 Lq wklv
vhfwlrq/ zh frqvlghu wkh fdvh zkhuh wkh lqirupdwlrqdo h{whuqdolw| dhfwv erwk
vhoohuv dqg ex|huv1
Zh vwduw e| frqvlghulqj P glvwlqfw pdunhwv/ hdfk kdylqj d vhsdudwh
lqfxpehqw rhulqj dq hvwdeolvkhg surgxfw ri ydoxh v wr wkh ex|huv lq klv
pdunhw1 Wkh P pdunhwv pd| eh wkrxjkw ri dv orfdo pdunhwv dqg wkh hq0
wudqw dv d joredo frpshwlwru/ zkr fdq lqwurgxfh klv qhz surgxfw lqwr doo
orfdo pdunhwv1 Dq dowhuqdwlyh lqwhusuhwdwlrq ri wklv prgho zrxog eh wkdw
56

wkh lqfxpehqwv duh xvlqj d whfkqrorj| zlwk d fdsdflw| frqvwudlqw zkloh wkh
hqwudqw kdv d whfkqrorj| zlwk xqolplwhg fdsdflw| dydlodeoh1 Wkh wuxh ydoxh
ri wkh qhz surgxfw/  5 iu > M j > lv wkh vdph dfurvv doo pdunhwv1 Wkh
pdlq glhuhqfh frpsduhg wr wkh suhylrxv vhfwlrqv lv wkdw wkhuh lv qrz dq
lqirupdwlrqdo h{whuqdolw| dfurvv wkh pdunhwv lq dgglwlrq wr wkh rqh zlwklq
wkh pdunhwv1
Zh dvvxph wkdw wkh ex|huv lq doo pdunhwv duh lghqwlfdo dqg wkdw hdfk
lqfxpehqw lv vhuylqj wkh vdph qxpehu ri ex|huv/ Q@P zlwk Q  P1 Zh
qrupdol}h wkh vl}h ri wkh vxp ri doo pdunhwv wr 4 dqg dv d frqvhtxhqfh/
hdfk lqfxpehqw vhoov wr d pdunhw ri vl}h 4@P144 Wkh pdlq uhvxow lq wklv
vhfwlrq lv d fkdudfwhul}dwlrq ri wkh htxloleulxp vwrsslqj iru glhuhqw pdunhw
vwuxfwxuhv lq whupv ri P dqg Q1 Zh frqvlghu rqo| wkh v|pphwulf htxloleuld
ri wkh prgho1 Wkh uhsuhvhqwdwlrq ri wkh htxloleulxp frqglwlrqv lv vlplodu
wr wkh suhylrxv vhfwlrq dqg zh irfxv rq wkh glhuhqfhv1 E| v|pphwu|/ lw lv
vx!flhqw wr frqvlghu d uhsuhvhqwdwlyh lqfxpehqw dqg d uhsuhvhqwdwlyh ex|hu1
Ghqrwh wkh uhsuhvhqwdwlyh lqfxpehqw e| m dqg wkh hqwudqw e| 31 Wkh
htxloleulxp lq wklv prgho fdq djdlq eh fkdudfwhul}hg dv dq rswlpdo vwrsslqj
sureohp1 Wkh lqglhuhqfh frqglwlrq ri wkh ex|hu lv/ dv ehiruh=
v  s +, @  +,  sf +, .

4
+, X  +, =
5

+57,

Wkh rswlpdolw| frqglwlrq ri wkh lqfxpehqw lq wkh frqwlqxdwlrq uhjlrq uh hfwv
wkh wudgh0r ehwzhhq vdohv dqg lqirupdwlrq=


4
4P 4
4


uY +, @ pd{
s +, .
+, Y +, >
+, Y +, = +58,
P
5 P
5
Wkh fdxwlrxv sulfh shu xqlw ri vdoh lv djdlq jlyhq e| vhwwlqj wkh sulfh htxdo
wr wkh ydoxh ri lqirupdwlrq jhqhudwhg e| d vdoh ri wkh qhz surgxfw=
s +, @

4
+, Y +, =
5

Ghvslwh wkh vlplodulw| wr wkh vlqjoh pdunhw ehkdylru/ qrwh krz P dsshduv
lq wkh ghflvlrq ri wkh lqglylgxdo lqfxpehqw lq wkh Ehoopdq htxdwlrq +58,1
44

Wklv qrupdol}dwlrq doorzv xv wr nhhs wkh h!flhqw vwrsslqj srlqw frqvwdqw dqg lqgh0
shqghqw ri wkh vl}h ri wkh lqglylgxdo ex|huv dqg vhoohuv1 Krzhyhu/ wkh frqyhujhqfh uhvxowv
wr eh suhvhqwhg duh lqghshqghqw ri wkh qrupdol}dwlrq1
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Wkh wudgh0r ehwzhhq vdohv dqg lqirupdwlrq lv qrz uhod{hg e| wkh idfw wkdw
hyhq li wkh lqfxpehqw pdnhv d vdoh lq klv orfdo pdunhw/ lqirupdwlrq pd| vwloo
eh jhqhudwhg lq wkh uhpdlqlqj pdunhwv1 Wklv ohdgv wkh lqfxpehqw wr dgrsw
d pruh djjuhvvlyh sulflqj srolf| zklfk lq wxuq pdnhv lw pruh h{shqvlyh iru
wkh hqwudqw wr vhoo lq wkdw sduwlfxodu orfdo pdunhw1
Wkh idloxuh ri wkh lqglylgxdo lqfxpehqw wr wdnh wkh ydoxh ri lqirupdwlrq
wr wkh rwkhu orfdo lqfxpehqwv lqwr dffrxqw ohdgv wr ohvv h{shulphqwdwlrq
lq htxloleulxp1 Wklv lv shukdsv prvw fohduo| uh hfwhg lq wkh htxloleulxp
vwrsslqj sureohp iru wkh hqwudqw1 Diwhu lqvhuwlqj +57, dqg +58, lqwr wkh
ydoxh ixqfwlrq ri wkh hqwudqw/ zh rewdlq=


 

4


+, Yf +, . Y +, . X +, > 3 = +59,
uYf +, @ pd{  +,  v .
5
Lq frqwudvw/ wkh vwrsslqj sureohp zklfk uh hfwv wkh vrfldo ydoxh ri doo wkh
sod|huv dqg khqfh zrxog ohdg wr wkh h!flhqw vwrsslqj srlqw lv jlyhq e|



 
4


pd{  +,  v .
+, Yf +, . PY +, . QX +, > 3 =
5
Wkh v|pphwu| lq wkh zd| wkdw wkh h{whuqdolwlhv dprqj ex|huv dqg lqfxp0
ehqwv hhfw wkh htxloleulxp vwrsslqj lv qrz dssduhqw1 Wkh txdolwdwlyh gli0
ihuhqfh lv wkdw wkhvh h{whuqdolwlhv zrun lq rssrvlwh gluhfwlrqv lq whupv ri
ghwhuplqlqj  dv Y +, A 3 dqg X  +, ? 31 Wklv v|pphwu| lv dovr hylghqw
lq wkh vroxwlrq wr wkh htxloleulxp vwrsslqj sureohp lq +59,1
Wkhruhp 6 +Pdq| Pdunhw Htxloleulxp,
41 Wkh htxloleulxp vwrsslqj srlqw lq wkh xqltxh fdxwlrxv htxloleulxp lv=


 +Q  P,  P +v   ,
Q   
u

W +P> Q, @ 
>
 +Q  P,  P +   , . 5P +  v,
Q   
M
u
M
 dv lq +54, dqg +55,1
zlwk  dqg 
a1
51 Li P @ Q/ wkh htxloleulxp vwrsslqj lv h!flhqw= W +P> Q, @ 
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61 Wkh vwrsslqj srlqw W +P> Q, lv ghfuhdvlqj lq Q dqg lqfuhdvlqj lq P>
dqg
a=
olp W +P> Q, @ 
c <"

Surri1 Vhh Dsshqgl{1
Wkh fdvh ri P @ Q kdv d ihz lqwhuhvwlqj surshuwlhv1 Li wkhuh lv d
vlqjoh ex|hu lq hdfk pdunhw/ wkhq wkh orfdo lqfxpehqw dqg ex|hu fdq wudgh

ri
lqwhuwhpsrudo sd|rv rq d rqh0wr0rqh edvlv1 Wkh| erwk kdyh frqwuro ri 
wkh wrwdo pdunhw1 Khqfh wkh ixwxuh jdlqv iurp h{shulphqwv iru wkh lqfxpehqw
htxdo h{dfwo| wkh ixwxuh orvvhv ri wkh ex|hu1 Fdxwlrxv sulflqj wkhq doorzv
wkh qhz up wr pdnh vdohv dw wkh p|rslf txdolw| glhuhqwldo  +,  v1
Dv wkh qxpehu ri pdunhwv P lqfuhdvhv/ wkh vwudwhjlf dvshfw lq wkh df0
fhswdqfh dqg sulflqj srolflhv ydqlvkhv1 Lq frqvhtxhqfh/ wkh vdohv sulfhv lq
wkh h{shulphqwdo skdvh frqyhujh wr wkh p|rslf txdolw| glhuhqwldo=
olp

c <"

sf +, @  +,  v>

olp

c <"

s +, @ 3> iru doo  A W +P> Q, >

dqg W +P> Q, frqyhujhv wr wkh h!flhqw vwrsslqj srlqw1 Wkh frqyhujhqfh
uhvxow krogv dovr li lqvwhdg ri wkh vlqjoh odujh hqwudqw/ hdfk pdunhw zrxog
kdyh d vpdoo hqwudqw zlwk dffhvv wr wkh vdph qhz surgxfw dv doo rwkhu orfdo
hqwudqwv1 Wklv pd| uhsuhvhqw d vlwxdwlrq zkhuh orfdo iudqfklvhhv vkduh d
frpprq iudqfklvlqj surgxfw1
Zlwk pdq| pdunhwv/ wkh sulfhv dw wkh vzlwfklqj srlqw glvsod| d glv0
frqwlqxlw| zklfk lv olqnhg wr wkh h{whuqdolw| dprqj wkh lqfxpehqwv1 Iru
 A W +P> Q,/ wkh ydoxh Y +, ri hdfk lqfxpehqw lv jlyhq e| wkh ydoxh ri
lqirupdwlrq jhqhudwhg lq doo pdunhwv/ ru
4
+, Y +, > iru  A W 1
uY +, @
5
Diwhu wkh vzlwfk wkh ydoxh lv ghwhuplqhg e| vdohv lq wkh orfdo pdunhw/ ru
4
s +W , 1
uY +W , @
P
Zh fdq lpphgldwho| lqihu wkh vl}h ri wkh mxps lq sulfhv dw wkh vzlwfklqj
srlqw e| wkh frqwlqxlw| ri wkh ydoxh ixqfwlrqv1 Zh ghqrwh wkh olplwlqj srlqw
iurp wkh uljkw e|=
W
sn
 + , / olp s +, 1
kkW
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Fruroodu| 7 Wkh htxloleulxp sulfhv dw wkh vwrsslqj srlqw glvsod| dq xszdug
mxps iru P A 4=
W
W
W
Psn
 + , @ s + , @ v   + , >

dqg

W
sn
f + , @

Q +P  4,
+ +W ,  v, ? 3 @ sf +W , =
+Q  4, P

Wkh vl}h ri wkh mxps lv srvlwlyho| uhodwhg wr wkh qxpehu ri pdunhwv P
dqg glvdsshduv iru P @ 4 dqg Q A 41 Wkh glvfrqwlqxlw| ri wkh sulfhv
lpsolhv wkdw wkh rz xwlolw| ri wkh ex|huv ghfuhdvhv glvfrqwlqxrxvo| zkhq
wkh qhz up vwrsv vhoolqj lq wkh pdunhwv1

9

Frqfoxvlrq

Wklv sdshu vkrzv wkdw wkh frqyhqwlrqdo zlvgrp wkdw lqirupdwlrqdo h{whu0
qdolwlhv ohdg wr lqh!flhqwo| orz ohyhov ri h{shulphqwdwlrq pd| eh uhyhuvhg
lq d wzr vlghg ohduqlqj prgho1 Wkh lqwurgxfwlrq ri vhoohuv lqwr wkh pxowl0
djhqw ohduqlqj prgho fuhdwhv d pdunhw zkhuh h{shulphqwv duh sulfhg1 Wkh
qhz vhoohu vsrqvruv wkh xqfhuwdlq dowhuqdwlyh dqg uhzdugv ex|huv iru h{shu0
lphqwv wkurxjk orz sulfhv1 Lq frqwudvw wr rqh0vlghg ohduqlqj prghov/ wkh
vhoohu surylghv gluhfw lqfhqwlyhv iru wkh ex|huv wr h{shulphqw1 Wkh rzqhu0
vkls ri wkh surgxfw doorzv wkh vhoohu wr h{wudfw wkh ixwxuh ehqhwv ri fxuuhqw
h{shulphqwdwlrq zklfk zrxog kdyh hydsrudwhg zlwkrxw wkh dvvljqphqw ri
surshuw| uljkwv1
Wkh pdlq wkhph ri wkh sdshu lv wkh lpsruwdqfh ri wkh pdunhw vwuxf0
wxuh iru h!flhqf| frqfoxvlrqv lq d prgho ri lqirupdwlrqdo h{whuqdolwlhv1 Wr
devwudfw iurp rwkhu irupv ri glvwruwlrqv zh dqdo|}h d vwdjh jdph zlwkrxw
vwdwlf glvwruwlrqv1 Wkh frvw ri wklv prgholqj fkrlfh lv wkdw lw lv yhu| gl!fxow
wr jhqhudwh jhqxlqh pdunhw vkdulqj ehwzhhq upv1 Lq dq hduolhu zrunlqj
sdshu +Ehujhpdqq dqg Yçolpçnl +4<<;,,/ zh frqvlghuhg d yduldwlrq ri wkh
fxuuhqw prgho zkhuh ex|huv lq wzr pdunhw vhjphqwv glhu lq whupv ri wkh
yroxph ri wkhlu sxufkdvhv1 Iru vlpsolflw|/ wkh uvw pdunhw vhjphqw frqvlvwv
ri d frqwlqxxp ri lghqwlfdo vpdoo ex|huv dqg wkh vhfrqg lv iruphg e| d vlq0
joh odujh ex|hu1 Ex|huv lq erwk vhjphqwv kdyh wkh vdph rz ydoxdwlrq iru
5:

wkh surgxfwv dqg wkh vhoohuv fdq sulfh glvfulplqdwh ehwzhhq wkh vhjphqwv1
Lq frqwudvw wr wkh vpdoo ex|huv/ wkh odujh ex|hu frqwurov d vl}hdeoh sduw ri
wkh fxuuhqw lqirupdwlrq rz dqg wkxv lqwhuqdol}hv wkh lpsdfw ri khu fxuuhqw
sxufkdvhv rq khu ixwxuh xwlolwlhv1 Wkh zloolqjqhvv wr sd| iru wkh qhz jrrg lv
wkhq glhuhqw dfurvv wkh pdunhw vhjphqwv1 Dv d uhvxow/ wkhuh lv dq lqwhuph0
gldwh udqjh ri wkh ydoxhv ri  zkhuh wkh qhz up vhoov wr wkh vpdoo ex|huv
lq htxloleulxp zkloh wkh hvwdeolvkhg up fdwhuv wr wkh odujh ex|hu1
Zkhq lqwhusuhwlqj wkh edvlf prgho dv d gxudeoh jrrgv prgho/ dq lqwhu0
hvwlqj txhvwlrq dulvhv1 Vlqfh wkh ex|huv kdyh d vwulfw suhihuhqfh wr sxufkdvh
wkh surgxfw dw wkh prphqw ri wkhlu duulydo udwkhu wkdq zdlw iru d shulrg/ lw
pljkw eh xvhixo wr dqdo|}h d prgho zkhuh wkh hqwu| ri qhz ex|huv lv hqgrjh0
qrxv1 Iru h{dpsoh/ rqh frxog lpdjlqh d prgho zlwk d frqvwdqw srsxodwlrq ri
ex|huv wkdw rzq d sk|vlfdoo| ghsuhfldwlqj gxudeoh jrrg1 Wkh srvvlelolw| ri
hduo| sxufkdvhv dw dq hqgrjhqrxvo| ghwhuplqhg frvw pljkw kdyh lpsruwdqw
lpsolfdwlrqv rq wkh vkdsh ri wkh sulfh surfhvv dqg wkh vshhg ri lqirupdwlrq
wudqvplvvlrq1

5;

:

Dsshqgl{

Wkh dsshqgl{ frqwdlqv wkh surriv ri doo sursrvlwlrqv dqg wkhruhpv suhvhqwhg
lq wkh pdlq erg| ri wkh sdshu1
Surri ri Wkhruhp 4= Zh ghvfuleh wkh vroxwlrq surfhgxuh iru wkh lqkrpr0
jhqhrxv vhfrqg0rughu glhuhqwldo htxdwlrq lq vrph ghwdlo dv lw uhdsshduv lq
wkh frqvwuxfwlrq ri wkh ydulrxv htxloleulxp ydoxh ixqfwlrqv1 Doo vroxwlrqv ri
wkh lqkrprjhqhrxv htxdwlrq +:, shuplw wkh iroorzlqj uhsuhvhqwdwlrq=
Y +, @ f K +, . f2 K2 +, . # +, /
zkhuh K +, dqg K2 +, duh wzr olqhduo| lqghshqghqw vroxwlrqv ri wkh fru0
uhvsrqglqj krprjhqhrxv htxdwlrq dqg # +, lv d sduwlfxodu vroxwlrq ri wkh
lqkrprjhqhrxv htxdwlrq1 Wkh frpsohwh vroxwlrq wr +:, lv hvwdeolvkhg e| wkh
yduldwlrq ri sdudphwhuv phwkrg/ vhh Fkdswhu 5 lq Elunkr dqg Urwd +4<:;,1
D sduwlfxodu vroxwlrq wr wkh lqkrprjhqhrxv glhuhqwldo htxdwlrq lv jlyhq e|
# +, @ x +, K +, . x2 +, K2 +, >
zkhuh wkh sdudphwhuv x +, dqg x2 +, duh ghwhuplqhg e|
x +, @ 
dqg

x2 +, @

J+,K2 +,
>
Z +K +, > K2 +,,

J+,K +,
>
Z +K +, > K2 +,,

dqg J +, lv wkh iruflqj whup ri wkh lqkrprjhqhrxv glhuhqwldo htxdwlrq1
Wkh Zurqvnldq ghwhuplqdqw/ Z +K +, > K2 +,,/ lv jlyhq e|=
Z +K +, > K2 +,, @ K +, K2 +,  K +, K2 +, =
Wkh vroxwlrq wr wkh krprjhqhrxv yhuvlrq ri wkh glhuhqwldo htxdwlrq +:, lv
K +, @ e E n*2 +4  ,3E 3*2 . e2 3E 3*2 +4  ,E n*2 >

+5:,

zlwk  @

s
4 . @Q1 Wkh jhqhudo vroxwlrq iru wkh ydoxh ixqfwlrq Y +, lv

Y +, @

Q +,
. e E n*2 +4  ,3E 3*2 . e2 3E 3*2 +4  ,E n*2 1
u
5<

Wkh h!flhqw vzlwfklqj srlqw 
a lv rewdlqhg e| uhtxlulqj wkdw wkh ydoxh pdwfk0
lqj dqg wkh vprrwk sdvwlqj frqglwlrqv duh vdwlvhg=45
uY +a
, @ Qv>

, @ 3=
Y +a

+5;,

Erxqghgqhvv ri wkh ydoxh ixqfwlrq dv  $ 4 lpsolhv e @ 31 Wkh frqglwlrqv
lq +5;, ghwhuplqh 
a dqg e2 =

a

@

e2 @

Er3>u E 3
2E>M 3rnE>M 3>u E 3 >

  n 
2
2
2 E> 3r
M

E 3o

k

3k

=

Lq sduwlfxodu e2 A 3 lpsolhv wkh frqyh{lw| ri wkh ydoxh ixqfwlrq1 Ixuwkhu
frpsxwdwlrq vkrzv wkdw wkh h!flhqw fxw0r 
a lv vwulfwo| lqfuhdvlqj lq @Q
dqg Y +, lv vwulfwo| ghfuhdvlqj lq @Q1
Wr fkdudfwhul}h wkh htxloleulxp vwrsslqj srlqw/ zh qhhg wkh vroxwlrqv wr
wkh glhuhqwldo htxdwlrqv ghvfulelqj wkh ydoxh ixqfwlrqv/ zklfk lv rewdlqhg
diwhu lqvhuwlqj wkh htxloleulxp sulfhv +48,0+49, lq wkh ydoxh ixqfwlrqv1
Ohppd 4 +Ydoxh ixqfwlrqv, Wkh ydoxh ixqfwlrqv lq wkh h{shulphqwdwlrq
uhjlrq glvsod| wkh jhqhudo irup =
Yf +, @

Q
+ +,  v, fQ3Eb3*2 +4  ,Ebn*2 .g3E 3*2 +4  ,E n*2 >
u
Y +, @ e3E 3*2 +4  ,E n*2 >

dqg
X +, @
zlwk  @

v
. f3Eb3*2 +4  ,Ebn*2  e3E 3*2 +4  ,E n*2 /
u

s
4 . @ +Q  4,/ dqg  dv lq Wkhruhp 41

Surri1 Wkh frqvwuxfwlrq ri wkh ydoxh ixqfwlrqv surfhhgv iurp wkh krprjh0
qrxv sduw ri wkh glhuhqwldo htxdwlrq +4<, ri wkh lqfxpehqw wr wkh lqkrpr0
jhqhrxv glhuhqwldo htxdwlrq ri wkh lqglylgxdo ex|hu +44, dqg wkh hqwudqw
45

Vhh Vklu|d|hy +4<:;,/ Fkdswhu 6/ iru d irupdo vwdwhphqw ri wklv sulqflsoh1

63

+4;,1 Wkh vroxwlrq wr +4<, lv dv lq +5:,/ zkhuh wkh vhfrqg whup ydqlvkhv dv
Y +, $ 3 dv  $ 4=
Y +, @ e3E 3*2 +4  ,E n*2 =
Wkh jhqhudo vroxwlrq wr wkh krprjhqhrxv yhuvlrq X +,
uX +, @

4
+Q  4,
5

+, X +, >

ri wkh glhuhqwldo htxdwlrq X +, lv
X +, @ f Ebn*2 +4  ,3Eb3*2 . f2 3Eb3*2 +4  ,Ebn*2 1
D sduwlfxodu vroxwlrq ri wkh htxdwlrq +44, lv
# +, @

v
 e3E 3*2 +4  ,E n*2 1
u

Wkh frpsohwh vroxwlrq wr wkh lqkrprjhqhrxv htxdwlrq +44, lv
X +, @

v
. f3Eb3*2 +4  ,Ebn*2  e3E 3*2 +4  ,E n*2 1
u

Dv ehiruh zh vhw f @ 3/ vlqfh wkh ydoxh ixqfwlrq ri wkh ex|hu kdv wr eh
erxqghg dv  jrhv wr rqh1 Iru vlpsolflw| vhw f2 @ f1 Wkh qdo vwhs lv wr
frqvwuxfw Yf +,1 D sduwlfxodu vroxwlrq wr wkh lqkrprjhqhrxv htxdwlrq lv=
# +, @

Q
+ +,  v,  fQ3Eb3*2 +4  ,Ebn*2 =
u

+5<,

Wkh ixqgdphqwdo vroxwlrqv wrjhwkhu zlwk wkh sduwlfxodu vroxwlrq # +, jlyh xv
wkh irupdw ri doo srvvleoh vroxwlrqv ri wkh ydoxh ixqfwlrq Yf +,1 Erxqghgqhvv
ri wkh ydoxh ixqfwlrq irufhv rqh whup ri wkh krprjhqrxv vroxwlrq wr ydqlvk=
Yf +, @

Q
+ +,  v,.g3E 3*2 +4  ,E n*2 fQ3Eb3*2 +4  ,Ebn*2 >
u

zklfk frpsohwhv wkh frqvwuxfwlrq ri wkh ydoxh ixqfwlrqv1
Surri ri Wkhruhp 5= Wkh h{lvwhqfh ri dq htxloleulxp lv hvwdeolvkhg e|
frqvwuxfwlrq1 Jlyhq wkh jxhvv rq wkh vkdsh ri wkh frqwlqxdwlrq dqg vwrsslqj
uhjlrqv/ zh frqvwuxfw wkh ydoxh ixqfwlrqv1 Iroorzlqj wkh ghulydwlrq ri wkh
ydoxh ixqfwlrqv/ lw lv wkhq yhulhg wkdw wkh lqlwldo jxhvv lv vdwlvhg1
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Wkh htxloleulxp frqglwlrqv iru wkh vwrsslqj srlqw W lv wkh vprrwk sdvw0
lqj frqglwlrq ri wkh rswlpdo vwrsslqj sureohp iru wkh qhz vhoohu dqg wkh
frqwlqxlw| ri wkh ydoxh ixqfwlrqv iru wkh vhoohuv dqg wkh ex|huv dw wkh vwrs0
slqj srlqw W =
Yf +W , @ 3
Yf +W , @ 3
+63,
uY +W , @ Q +v   +W ,,
uX +W , @  +W ,
Wkh frqglwlrqv lq +63, |lhog wkh vwrsslqj srlqw W dqg wkh ydoxhv ri wkh
sdudphwhuv e> f> dqg g/ zklfk ghwhuplqh wkh fxuydwxuh ri wkh ydoxh ixqfwlrqv=
W @

+v  u , +Q   +Q  4,  4,
?
e/
+M  u , +Q   +Q  4,  4, . 5 +M  v,

dqg
e @

E>M 3r
2
o
E 3E 3b3

f @

E>M 3r
2E 3
o
E 3E 3b3

g @

E>M 3r
2 2
o
E 3E 3b3
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+64,

=

Wr vkrz xqltxhqhvv/ lw lv vx!flhqw wr suryh wkdw qr rwkhu vkdsh ri wkh
vwrsslqj uhjlrq lv srvvleoh1 Wr vhh wklv/ ohw F  ^3> 4` ghqrwh wkh frqwlqxdwlrq
uhjlrq dqg V  ^3> 4` wkh vwrsslqj uhjlrq ri dq duelwudu| htxloleulxp1 E|
fdxwlrxvqhvv dqg Pdunryldq vwudwhjlhv/ lw lv lpphgldwh wkdw vdohv duh pdgh
dw doo  5 ^3> 4` > l1h1/ V ^ F @ ^3> 4` =
Zh qhhg wr vkrz wkdw wkhuh lv dq W 5 ^3> 4` vxfk wkdw V @ ^3> W `/ dqg
F @ +W > 4`= Iluvw qrwh wkdw s +,  3 iru doo  dqg wkhuhiruh/  5 V ,

e = E| fdxwlrxvqhvv/ sf +, @ 3 iru doo  5 V= E| wkh frqwlqxlw| ri wkh
ydoxh ixqfwlrqv lq  zh pd| wdnh V wr eh forvhg1 Wkhuhiruh F lv d xqlrq
ri sdluzlvh glvmrlqw +uhodwlyho|, rshq lqwhuydov1 Zh qhhg wr vkrz wkdw li
e = Exw wklv iroorzv lpphgldwho| iurp fdxwlrxvqhvv
+ > 2 ,  F> wkhq 2 A 
dv sf + , @ sf +2 , @ 3 dqg wkhuh pxvw eh dq  5 + > 2 , zlwk sf +,  3=
Wklv |lhogv wkh ghvluhg frqfoxvlrq1
Surri ri Fruroodu| 5= Wkh htxloleulxp ydoxh ixqfwlrqv duh dv lq Wkhruhp
5/ zlwk wkh h{fhswlrq ri wkh qrupdol}dwlrq dv wudqvsduhqw lq wkh vwrsslqj
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 Wkh sdudphwhuv e> f> g duh dv
srlqw W +Q, wkurxjk wkh sdudphwhuv  dqg 1
 Wkh frpsdudwlyh
lq +64, rqo| wr eh glylghg wkurxjk Q dqg lqvhuwlqj  dqg 1
vwdwlfv iroorz diwhu vwudljkwiruzdug dojheud1
Surri ri Wkhruhp 6= +4, Wkh ydoxh ixqfwlrqv duh ghulyhg dv lq Ohppd 4
zlwk wkh reylrxv prglfdwlrqv gxh wr wkh qrupdol}dwlrq ri wkh vl}h ri wkh
pdunhw1 Wkh vroxwlrqv wr wkh glhuhqwldo htxdwlrqv duh jlyhq e|
Yf +, @

4
+ +,  v,.g3E 3*2 +4  ,E n*2 fQ3Eb3*2 +4  ,Ebn*2 >
u
Y +, @ e3E 3*2 +4  ,E n*2 >

dqg
v
. f3Eb3*2 +4  ,Ebn*2  e3E 3*2 +4  ,E n*2 >
uQ
s
s
zlwk  @ 4 .  dqg  @ 4 . Q@ +Q  4,= Wkh htxloleulxp vwrsslqj
frqglwlrqv duh prglhg rqo| e| wkh qrupdol}dwlrq lq wkh pdunhw vl}h wr=
X +, @

Yf +W , @ 3
Yf +W , @ 3
uPY +W , @ +v   +W ,,
uQX +W , @  +W , 1

+65,

Wkh vwrsslqj srlqw lv jlyhq dv d vroxwlrq wr wkh htxdwlrqv lq +65,=
W @

+Q   +Q  P,  P, +v  u ,
+Q   +Q  P,  P, +M  u , . 5P +M  v,

dqg wkh sdudphwhuv ri wkh ydoxh ixqfwlrqv duh jlyhq e|
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Xqltxhqhvv lv suryhg dv lq Wkhruhp 51 +5, dqg +6, iroorz gluhfwo|1
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